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ABSTRACT
Modified commutation relation (MCR) is about the deformation of the
usual Heisenberg algebra in order to incorporate the quantum gravitational
effects from phenomenological point of view. The uncertainty principle in-
duced in this scheme is the generalized uncertainty principle (GUP). This
gravitational-inspired GUP exhibits a peculiar form of the UV/IR mixing that
allows short distance physics to be probed by large scale physics as expected
from most of the quantum gravity theories such as AdS/CFT correspondence
and non-commutative field theory.
In this thesis, we examine a deformed quantum mechanics (DQM) in which
the commutator between coordinates and momenta is a function of momenta.
We obtained a two-parameter class of such MCR’s which encode an intrinsic
maximummomentum favored by deformed special relativity (DSR); a sub-class
of which also imply a minimum position uncertainty (interpreted as fundamen-
tal length scale).
Maximummomentum causes the bound state spectrum of the one-dimensional
harmonic oscillator (and other potentials) to terminate at finite energy, whereby
classical characteristics are observed. The leading order energy shifts of bound
states are of opposite sign compared to those obtained using string-theory mo-
tivated MCR’s. Also, the formation of bound states in a finite potential well
is delayed.
We construct generalized coherent states (GCS) for deformed harmonic os-
cillator as the quantum simulator and study their probability distribution, en-
tropy of states exactly. Unlike usual quantum mechanics, the present deformed
case increases the entropy of the Planck scale quantum optical system. GUP of
these states turns out to increase generally. However, for certain families of γ (a
iv
parameter of GCS), the GUP is possible to vanish and hence exhibits the clas-
sical characteristic. This classicality behavior is different in nature compared
to the one induced by maximum momentum. Although the GCS saturates the
minimal uncertainty in a simultaneous measurement of physical position and
momentum operators, thus constitute the squeezed states, complete coherency
is impossible in quantum gravitational physics. Mandel Q-number is calcu-
lated and shown that the statistics can be Poissonian, super/sub-Poissonian
depending on the families of the GCS. Equation of motion is studied and both
Ehrenfest’s theorem, Correspondence Principle are recovered. Fractional re-
vival times are obtained through the auto-correlation and they indicate that
the superposition of classical-like sub-wave packet is natural.
Furthermore, non-perturbative effect of maximum momentum on the rel-
ativistic wave equations was examined. Beside than modified dispersion re-
lations (MDR), we obtain the exact eigen-energies and wavefunctions of one-
dimensional Klein-Gordon and Dirac equation with linear confining potentials,
and the Dirac oscillator. Bound state solutions are only possible when the
strength of scalar potential are stronger than vector potential. The energy
spectrum of the systems studied are bounded from above and there is a trun-
cation in the maximum number of bound states that is allowed.
With the advances of quantum optics, ultra-cold atomic and ion traps
technology, some of these distinguishing quantum-gravitational features might
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1.1 Minimal Length and Generalized Uncer-
tainty Principle (GUP)
In 1900, Max Planck discovered the Quantum Theory through investigating the
behavior of black-body radiation. The theory revolutionized our understanding
about the fundamental nature of matter. Planck realized the existence of a
system of units based on the three fundamental constant, namely Newton
constant GN = 6.67428(67)× 10−11 m3/kg s2, speed of light c = 2.99792458×
108 m/s and Planck constant h = 6.62606869(33)×10−34kg m2/s. This natural
scale is now known as the Planck scale, which can be obtained easily through
dimensional analysis [1]. We can define the Planck length, time, mass and
energy as following:
1

















2 = 1.2× 1019GeV. (1.1)
The Planck energy is very far removed from the human achievable scale
at the present technology. Current experiments involve energies only of order
up to 104 GeV. For example, the Large Hadron Collider (LHC) at Cern,
Geneva operates with maximum energy of 14 TeV (7 TeV per beam), and
even the highest energy cosmic rays detected (up to date) are about 1012
GeV, which are below the Planck energy. From (1.1) the presence of ~ in the
Planck unit indicates that the Planck scale is associated with quantum effects.
Also, the appearance of c indicates that it is relevant to the high velocity and
high energies (thus related to unification of spacetime), and the presence of
GN indicates that it is associated with gravitational effects. Therefore, we
expect that the Planck scale is the characteristic scale of the quantum gravity
and quantum spacetime. For instance, these effects should be very crucial to
understand the physics at the very early universe, e.g. first few moment after
Big-Bang, cosmological singularities, cosmological inflationary era or at the
singularities of black hole during evaporation to produce Hawking radiation.
2
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While observational confirmation of Planck scale effects is highly problematic,
we believe that the quantum gravity effects might have been large enough
to leave an imprint on the large scale physics e.g. primordial gravitational
radiation on the details of the cosmic microwave background radiation CMB
etc [2].
The idea of introducing minimal measurable length in the physical theories
was proposed by Robert Levi [3,4] in 1927 and familiarized by W. Heisenberg
whereby the minimal length was applied as the fundamental cut-off scale to
tame the troublesome divergences that occurred in quantum field theories1. It
was used in the process of regularization in quantum field theories to make
the integrals finite and well defined. However, we have a conceptual problem
since the cut-off is frame dependent and thus leads to breakdown of Lorentz
invariance.
In 1947, inspired by Heisenberg’s original work, H. Snyder worked out
a modification of the canonical commutation relations of position and mo-
mentum operators [Xµ, Xν ] 6= 0. In that way, spacetime became Lorentz-
covariantly non-commutative, but the modification of commutation relations
increased the Heisenberg uncertainty, such that a smallest possible resolution
of structures was introduced. Snyder’s approach has received a lot of atten-
tion after many years since it was proposed as the first to show that a minimal
length scale need not be in conflict with Lorentz invariance2.
1Heisenberg was interested to apply the fundamental length scale to the realm of sub-
atomic rather than quantum gravity.
2In Deformed (Doubly) Special Relativity (DSR) we can obtain more than one invariance
3
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In 1964, Mead pointed out the peculiar role that gravity plays in our at-
tempts to test physics at short distances. He showed in a series of thought
experiments that these influences do have the effect of increasing Heisenberg
uncertainty, making it impossible to measure distances to a precision better
than Planck length [6]. In mid 70s, Hawking proposed his seminal work on
black-hole’s thermodynamical properties [7]. Also, J. Wheeler had connected
black-hole physics with spacetime foam [1,8]. Thereafter the Trans-Planckian
physics attained a lot of attention and it’s importance on quantum gravity was
recognize. Beside that, minimal length uncertainty principle also applied to
inflationary cosmology to study the maximal frequency (at Planck scale) and
deal with the difficulty of Trans-Planckian modes [9–11]. In 1994, Majid and
Ruegg [12] proposed a modification for the commutators of spacetime coordi-
nates and generalized the Poincare´ algebra to a Hopf algebra e.g. κ-Poincare´.
Recently, A. Kempf developed the mathematical basis of quantum mechanics
that took into account a minimal length scale and ventured towards quantum
field theory [13–16].
In 1980s, developments in string theory revealed the impossibility of resolv-
ing arbitrarily small structures with an object of finite extension3. It had been
shown that string scattering in the super-Planckian regime would result in a
generalized uncertainty principle, preventing a localization beyond the string
e.g. both speed of light and invariant energy scale (and thus cut-off minimal length), but the
Lorentz symmetry have to be realized non-linearly on the so called κ-Minkowski space [5].
3The duality symmetry (“mirror” symmetry) causes that if we try to shrink things down
until 2π
√
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scale [18–22]. Beside usual strings, string theory also essentially describes the
higher dimensional object, i.e. branes. The idea of minimal length is still valid
within the brane-world scenario. Though inspired originally by Planck scale
physics, brane-world scenarios [23] suggest that large or warped extra dimen-
sions that can effectively lower the Planck scale into the TeV range. With this,
the fundamental length scale also moved into the reach of collider physics and
Planck scale physics might be relevant at more accessible energies and near
future.
Recently, a generalized uncertainty principle and quantum mechanics with
the Planck length as a minimal length received an increasing amount of atten-
tion as potential cures for the Trans-Planckian problem, black hole remnants as
dark matter candidate, a natural UV-regulator and as possible manifestations
of a fundamental property of quantum spacetime. For a more exhaustive cov-
erage of the history of the minimal length, the interested readers are referred
to [3, 24].
1.1.1 Gravitational Uncertainty through Newtonian Grav-
ity
We first recall the idea of Heisenberg’s microscope that leads us to the usual
quantum uncertainty principle [25]. The approach is based only on general
principles of optics and the quantization of electromagnetic radiation (pho-
tons). Consider a photon with frequency ω moving in x direction, which
5
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scatters a particle (say an electron) whose position on the x-axis we want
to measure. The scattered photons that reach the lens of the microscope have
to lie within an angle ǫ to produce an image from which we want to infer the
position of the particle. According to classical optics, the wavelength of the
photon sets a limit to the possible resolution δXH ,
δXH ≥ λ/ sin ǫ = 2πc
ω sin ǫ
. (1.2)
The photon used to measure the position of the particle has a recoil when it
scatters and transfers a momentum to the particle (electron) δPx = Px. Since
one does not know the direction of the photon to better than ǫ, this results in







Thus we obtain the standard Heisenberg position-momentum uncertainty
principle
δXHδPx ≥ h ≈ ~. (1.4)
Noted that this heuristic argument does not consider the gravitational in-
teraction between the photon and the electron. We know today that Heisen-
bergs uncertainty is not just a peculiarity of a measurement method but much
6
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more than that, it is a fundamental property of the quantum nature of matter
(truely the quantum randomness).
Next, let us consider the effects of gravity by heuristic argument using New-
tonian gravitational theory. Assume the photon behaves as classical particle
with an “effective mass” of E/c2. Suppose the electron is in an experimental re-
gion of characteristic size R, inside of which it interacts with the photon4. The
photon carries an energy that, though generally tiny, exerts a gravitational
pull on the electron whose position we wish to measure. The gravitational





where R is the distance between photon and electron. By assuming that the
electron is non-relativistic and much slower than the photon, the acceleration
lasts about the duration the photon is in the region of strong interaction.
Within the interaction period, the electron acquires a velocity of δ~v ≈ ~aτ
and move a distance of δXG,


















This uncertainty is due to the reason that the photon is scattered from the
4For interaction to take place and subsequent measurement to be possible, the time
elapsed between the interaction and measurement has to be at least on the order of the
time, τ , the photon needs to travel the distance R, so that cτ ≥ R [6].
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electron which is only known to have happened at some indeterminate time





Further assume that the electron momentum uncertainty be the same order








where we denoted the Planck length Lp =
√
~G/c3 from (1.1). Assuming that








In literature any uncertainty principle with a modication of this or similar
form is known as “Generalized (Gravitational) Uncertainty Principle” (GUP).
Although the previous discussion make used of Newtonian non-relativistic clas-
sical physics but the general ideas still applicable if one use the more careful
and proper General Relativity approach, see [2, 6].
In fact, there appear a similar uncertainty principle in string theory to
describe the limitation of spacetime that can be probed by using stringy ob-
8
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ject (2d surface) and D-branes [3, 17] in higher dimensional spacetime. It is






This is a kind of momentum inversion symmetry which relates long to short
distances and high to low energies (so called UV⇔IR limit of gravitational
effects [26]).
There are many related arguments from thought experiments, analysis of
limitation to the distance measurement [27], clock synchronization [6], mea-
surement of black-hole horizon area [28], etc [2,6]. In one interesting argument,
Scardigli employed the idea that as masses are brought to energies of about the
Planck mass and are concentrated to within a volume of radius of the Planck
length, one creates micro black holes5, which subsequently evaporate [29].
1.1.2 Uncertainty in String Theory
Despite the lack of experimental signature, string theory is one of the lead-
ing candidates for a theory of quantum gravity. In string theory, a string is
described by 2-dimensional surface that resides in a higher dimensional space-
time. Naturally the theory possesses a fundamental string length scale Ls
which determines the typical spacetime extension of a fundamental string. It
5Searching of such effect is one of main routine in LHC physics. Up to date, there is no
positive signature on the experimental result for such physical phenomena.
9
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is given by Ls =
√
α′, where α′ is related to the string tension ~c/α′. On the
other hand, gravity itself is characterized by the Planck length Lp which is
universal for any candidate theory of quantum gravity. As both Ls and Lp
are understood to be minimal lengths below which spatial intervals cannot be
resolved [30], we assume an approximate equality between the two. We thus
have,
δX ≥ Lp ≈ Ls. (1.11)
Through the Borel-resummation of perturbation expansion of string-string
scattering amplitude in the flat spacetime background, it was shown in [18–22]








The first term on the right-hand side of (1.12) refers to the usual Heisenberg
term coming from the shortening of the probe wavelength as momentum is
increased. More interestingly, the second gravitational motivated term can be
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From (1.12), since δP is required to be real-valued, we obtain the minimal
uncertainty of δX. It is bounded from below by the string length scale as
δX ≥
√
α′ = Ls (1.14)







As we mentioned previously, the effects of quantum gravity are believed to
be important in the Trans-Planckian momentum regime, i.e. δP >> µs. From
Eq.(1.13) we see that large δP (ultra-violet) corresponds to large δX (infra-
red). This is a kind of corresponded between UV and IR physics. In literature,
such peculiar behavior of gravity have been observed in various string dualities
[26, 31, 32], and in the context of AdS/CFT correspondence [33, 34].
As a side note, other than (1.12), there is another uncertainty principle







This is inferred from the analysis of D0-brane scattering in certain back-
grounds in which ∆X can be made arbitrary small at the cost of making the
11
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duration of the interaction ∆T arbitrary large [35–37]. In literature, SUP is
understood as the physics whereby the size of a quantized spacetime cell is
preserved. For a more exhaustive discussion of the uncertainty principles in
string theory and D-brane, the interested readers are referred to [3,17,38,39].
1.1.3 Loop Quantum Gravity and Quantization of Space-
time
Loop Quantum Gravity (LQG) [40,41] is a Dirac quantization of conventional
Einstein’s gravity by constructing suitable variables that have become known
as the Ashtekar variables6. We will only roughly sketch the main idea of
quantization of spacetime in LQG. One starts from the Hamiltonian framework
and begins with the foliation of 4D spacetime which is topologically assumed as
R×Σt into 3-dimensional hypersurfaces and one temporal degree of freedom.
This is the so called ADM (3+1) decomposition procedure [1]. With the help




= (N2 −NaNa)dt2 − 2Nadxadt− qabdxadxb (1.17)
6Original Ashtekar variables is make used of complex SL(2, C)-valued connection and
soldering form. To avoid the reality constraint, modern literature is using the real Ashtekar-
Barbero SU(2) connection and triad fields [42].
12
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where (µ, ν...) refer to curved spacetime indices and (a, b...) are the 3D spatial
indices. Beside the 3-metric qab, we define the second fundamental form Kab








(∇aNb +∇bNa − ∂tqab) (1.18)
where operator ∇µ is the 4D unique, torsion-free covariant derivative compat-
ible with gµν , e.g. ∇µgνα = 0 (metricity condition) and nµ is the unit vector
normal to hypersurfaces. In fact, extrinsic curvature Kab carries the impor-
tant geometrical information as a measure of the bending of hypersurfaces in
the enveloping spacetime manifold. Both (qab, Kab) are the usual 3D ADM
variables that are conventionally used to parameterize the ADM phase space.















= 0 (3 equations). (1.20)
Clearly, we observe that these 4 equations are defined by geometrical ob-
jects purely on Σt. The first set is a constraint relating extrinsic curvature of
any spacelike slice to its scalar curvature (Hamiltonian constraint), whereas
second set are constraints on the extrinsic curvature of any spacelike slice it-
self (diffeomorphism constraints). They represent constraint equations that all
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the physical hypersurfaces must satisfy at every time such that Einstein field
equations hold. From the other perspective, they relate to the initial values
and hence play the role as constraint equations that the Cauchy data must sat-
isfy. One may proceed to quantize the theory by applying the Dirac constraint
analysis. The physical state have to satisfy the 4 constraints on-shell [43].
Next we introduce a change of variables to obtain the extended phase space.
One defines a so called co-n-Bein field (frame field)7 which carries a vector
bundle isomorphism e : M× Rn → TM sending each fiber {p} × Rn of the
trivial bundle M× Rn to the corresponding tangent space TpM for p ∈ M.







where δij is the metric of the tangent space of Σ and i, j, k are the locally flat
internal indices, taking values of (1, 2, 3). One direct observation is that in
the above form, it is invariant under internal SO(3)C rotations E
i
a → (E ′)ia =
Rij E
j
a. We have the so called Gauss’s constraints when the triad fields are
used to represent the metric. We further introduce the densitized triad field
7IfM is a 3D manifold (n=3), a frame field is called a triad or dreibein; ifM is 4D, then
the frame field is called tetrad or vierbein.
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where η˜abc is the antisymmetric tensor on Σ of weight +1 and ǫijk is the an-
tisymmetric tensor on the tangent space TΣ which is a SO(3) valued tensor
and thus has weight 0. With the definition of densitized triad, we can write
the inverse 3-metric (densitized weight +2) as
˜˜qab = det qab q











where Γia = ǫ
jkiΓajk is the torsion free spin-connection. The dimensionless
constant β is known as the “Immirzi-Barbero parameter”. Its value can be
fixed by requiring the black-hole entropy to match with the semi-classical case
[44] and this free parameter of LQG plays the similar role as θ parameter in
the color gauge theory [45, 46]. We have the canonical transformation of old
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variables to modern variables used in LQG,
(
qab, Kab
) 7−→ (E˜ai , Kjb) 7−→ (Aia, E˜bj) . (1.25)
We can recover the original full description of spacetime (ADM phase space)
from the extended Ashtekar case since we can reconstruct the internal metric
qab from densitized triads E˜
a
i , and from both the Ashtekar connection A
i
a and
spin connection Γ˜ia, we can reconstruct the extrinsic curvature. For quantiza-
tion procedure, in literature one promotes Aia and E˜
a
i to operators and replaces























Modern LQG make used of so called spin networks basis for the quantization.
A spin network (for free gravity) embedded in Σ is a triple (Γ, je, in). Γ is a
graph immersed in the manifold Σ, that is, a collection of nodes n, which are
points of Σ, joined by links e (with e stands for edge), which are curves in Σ.
je is the assignment of (non-trivial) an irreducible (group) representation of
spin-j SU(2) to each link e through the holonomy. in is an assignment of an
intertwiner in to each node n. The valence, m of a node is defined by the total
number of links that start at the node and the total number of links that end
at the node.
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A spin network state Ψs[A], where A is the SU(2)-valued Ashtekar-Barbero










where Π(je) represents the spin-j representation of the link e and this represen-
tation is related to the Ashtekar-Barbero connection A through the holonomy.
The dot indicates contraction between the intertwiners at the nodes and the
spin-j representations of the links that passes through the nodes [41]. One
can understand the spin-j representation of a single graph mathematically as
the union of Cylindrical function associated with each link e. Suppose we are
given a graph γ ⊂ Σ (with Ne as the total number of edges it contains). An
element ψγ,f ∈ Cylγ such that f is a smooth function maps the Ne copies of
spin-j irreducible representations into a complex fields, i.e. f : SU(2)Ne 7→ C,
is a functional of the connection through holonomy. Explicitly,
ψγ,f [A] := f
(
he1 [A], he2 [A], ...heNe [A]
)
. (1.28)
A gauge invariant spin network state can be simply achieved by having only
invariant intertwiners in. Intertwiners are tensors with one index in each rep-
resentation of the tensor product space. Invariant intertwiners are those ten-
sors that are invariant under SU(2) on all the indices. This gauge invariant
subspace is also called the singlet subspace which is well known from basic
17
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quantum mechanics that the singlet state is invariant under rotations. The
conditions to obtain the singlet subspace are called Clebsch-Gordan condi-
tions in the literature. For instance, for 3 links that are attached to a node
(trivalent node), which labeled by j1 , j2 and j3 spins, the 2 Clebsch-Gordan
conditions to satisfy are
j1 + j2 + j3 = Integer
|j1 − j2| ≤ j3 ≤ (j1 + j2) (1.29)
as long as one of the spins is compatible to the other 2 spins by the above
conditions. Equivalently, for 4 links attached to a node (4-valent node), we
have the Clebsch Gordan conditions,
j1 + j2 + j3 + j4 = Integer
|j1 − j2| ≤ j3 + j4 ≤ j1 + j2 or |j1 − j2| ≤ |j3 − j4| ≤ j1 + j2. (1.30)
With the spin network state (1.27), here we describe two important SU(2)
gauge invariant operators, the so-called area operator, A and volume operator,
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where Σ′ is a 2D orientated surface in the 3D Σ hypersurface. Recall that β
is the Immirzi-Barbero parameter. ~σ = (σ1, σ2) are the coordinates on Σ′ and
ǫabc is defined with ǫ123 = 1. Consider the operator Ê
2(Σ′) := Êi(Σ′)Êi(Σ′)
acting on a link that intersects Σ′ only once, the result is
Ê2(Σ′)Ψs[A] = 64π2L4pβ
2j(j + 1)Ψs[A] (1.32)
where the link carries spin-j representation. Then we thus have
Ê(Σ′)Ψs[A] = 8πβL2p
√
j(j + 1)Ψs[A]. (1.33)
To calculate the general case where a spin network state may have multiple









where k = 1 . . . n is a sequence of increasingly fine partitions of Σ′. There is a
partition n sufficiently fine such that each puncture i falls on a different small





ji(ji + 1)Ψs[A]. (1.35)
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i + 1)− jti(jti + 1)Ψs[A](1.36)
where the node is decomposed into a virtual graph and ju, jd and jt denote the
coloring of the virtual links. To reduce to the special case above, just let jt = 0
and ju = jd. Therefore, we see that naturally in LQG we have a minimal area




where the free parameter β is set up to reproduce the semi-classical entropy-
area law of black hole. On the other hand, the classical expression of the











√∣∣∣∣ 13!ǫabc (3)E˜ai (3)E˜bj (3)E˜cj ǫijk
∣∣∣∣. (1.38)
Since the action on a spin network state with the operator corresponding
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The eigenvalue of volume operator was calculated in literature and the
spectrum was showed to be discrete with minimal volume of quanta of space
[47, 48]. We see that minimal (and quantized) area and volume are crucial
results from LQG that predict the nature of spacetime at Trans-Planckian
level [49].
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1.2 Quadratic Modified Commutation Relation
MCR(I)
Over the years, various approaches to unify quantum theory with gravity have
suggested the existence of a minimum measurable length [3, 4]. As we have
discussed in the previous section, string theory suggests a generalized uncer-
tainty principle (GUP) which implies a minimum uncertainty in position [30].
Meanwhile quantization of spacetime quanta from Loop Quantum Gravity
(LQG) also implies the discreteness of spacetime and minimal area, volume
near Planck scale [40]. The stringy GUP may be derived from a modification
of algebraic structure of the usual Heisenberg algebra by adding a quadratic
contribution in momentum. In one-dimensional space the suggestion of Kempf
et.al. [13] is
[X,P ] = i~
(
1 + βP 2 + γX2
)
= i~F (X2, P 2) (1.41)
where β and γ (β, γ > 0) are the deformation parameters related to the mini-
mal length and minimum momentum respectively8.
Let γ = 0 or by setting F (X2, P 2) = F1(P
2) = 1 + βP 2 we have the
8In general, the right hand side of (1.41) can depend on position and thus give rise to
minimal momentum. The inclusion of position dependent in (1.41) allows us to study the
IR aspects of gravity on quantum mechanical system [50].
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∣∣∣〈[X,P ]〉∣∣∣ = ~
2
[
1 + β〈P 2〉] ≥ ~
2
[
1 + β(∆P )2
]








since (∆P )2 = 〈P 2〉 − 〈P 〉2 and we dropped the term which depends on ex-
pectation value of momentum operator. The uncertainty in position will be
interpreted as the minimal length scale in the theory (∆X)min ≡ Lmin = ~
√
β.
This minimal happens at (∆P ) = µp = 1/
√
β.









Figure 1.1: The ∆P -dependence of the lower bound of ∆X under the min-
imal length uncertainty principle(1.42) in gold colour. The bound for usual
Heisenberg relation ∆X ≥ ~/(2∆P ) is shown in blue and the linear bound
from gravity ∆X ≥ (~β/2)∆P is shown in purple.
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Next, the D-dimensional generalization of (1.41) can be written as
[Xi, Pj ] = i~
{




where P 2 =
∑
i PiP
i. Both F (P 2) and G(P 2) are generic functions which
have to vanish for small momentum and by construction they are assumed
to preserve symmetries such as rotations but are otherwise arbitrary. The
components of the momentum commute among themselves, [Pi, Pj ] = 0. By
demanding that position and momentum operators in the GUP model still
form a Lie algebra structure, we have to ensure the validity of the Jacobi
Identity,
[[Xi, Xj ], Pk] + [[Xj , Pk], Xi] + [[Pk, Xi], Xj ] = 0. (1.44)
Therefore, with both (1.43) and (1.44), we can fix the position commutator as,












where we have denoted the derivative F
′
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In fact, operator Lij is the generator of rotational symmetry that can be
realized through its action on both position and momentum operators,










[Lij, Lkl] = i~
(
δikLjl − δilLjk + δjlLik − δjkLil
)
. (1.49)
In literature, a few choices have been proposed since 1995. One of the
most important GUP model is by A. Kempf et.al. [13, 51] where it assumed
F (P 2) = 1 + βP 2 and G(P 2) = β′;








[Xi, Xj ] = i~
(2β − β ′) + (2β + β ′)βP 2





[Pi, Pj ] = 0. (1.52)
In fact, Kempf algebra can be treated as the non-relativistic limit of (D+1)
Snyder/Anti-Snyder algebra [52] with β = 0 which the latter is given by
[Xµ, P ν ] = i~
(
ηµν ± β ′P µP ν
)
, (1.53)
[Xµ, Xν ] = ∓ i~β ′(P µXν − P νXµ) = ∓ i~β ′J µν , (1.54)
[P µ, P ν ] = 0. (1.55)
where ηµν = diag(−1,+1,+1...,+1) is the flat Minkowski metric, ± sign re-
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fer to Snyder/Anti-Snyder case and J µν is the generators of Lorentz algebra.
Note that the Kempf algebra is not covariant under deformed Lorentz sym-
metry. Meanwhile, Brau and Buisseret [53] consider the Kempf algebra with
approximately commuting position commutator by choosing F (P 2) = 1+βP 2
and G(P 2) = 2β thus [Xi, Xj ] = O(β
2). Also, Maggiore proposed to consider
F (P 2) =
√
1 + 2βP 2 and G(P 2) = 0 and thus [Xi, Xj ] = −2i~βLij. Co-
variant generalization of Kempf case was completed by C. Quense [54] which
encompasses both Kempf and Snyder algebra as,









[Xµ, Xν ] = i~
(2β − β ′)− (2β + β ′)βPρP ρ
1− βPρP ρ
(
P µXν − P νXµ), (1.57)
[P µ, P ν ] = 0. (1.58)
The implications of the modified algebra (1.41, 1.50, 1.56) have been inves-
tigated in a large number of papers, particularly the deformation of spectra of
quantum mechanical systems and how such effects may potentially be detected
in future experiments, see [13,38,51,54–59], and the recent review [3] for more
references. Though inspired originally by Planck scale physics, brane-world
scenarios [23] suggest that MCR’s such as (1.41), and others below, might be
relevant at more accessible energies.
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1.3 Deformed (Doubly) Special Relativity (DSR)
and Maximum Momentum (and/or) En-
ergy
Deformed (Doubly) special relativity (DSR) is concerned with the departure
from Lorentz symmetry that results from the postulate that the Planck energy
transforms like a momentum four vector and remains an invariant, maximal
energy scale. In DSR besides than the usual invariance of speed of light,
different inertial observers will obtain and agree on the invariance of Planck
energy. For the physical meaning of DSR, readers can refer to [60, 61].
In literature there are a few approaches to address and formulate DSR ideas.
Firstly one can treat Lorentz invariance as only an approximate (global/local)
symmetry, which is broken at the Planck scale [62, 63]. Another possibility
is that Lorentz invariance gives way to a more subtle symmetry based on
quantum group extension of the Lorentz or Poincare´ group [63, 64]. In [65],
Magueijo and Smolin proposed the interesting work to realize the DSR ideas
by a modification of the nonlinear action of the Lorentz group acting on mo-
mentum space9 (P0 = E/c, Pi). The action reduces to the usual linear action
at energies much lower than the Planck energy. There are infinitely many
9The is the so called DSR(II) scheme. The invariance of speed of light is preserved in
this scheme. There is another original model DSR(I) whereby the realization of DSR idea
is through quantum deformation of the Lorentz or Poincare´ group [63]. In this scheme, we
have the modified dispersion relation for light and the speed of light is energy dependent.
This effect may be observable in high-frequency light reaching Earth from distant sources,
e.g from ultra high energy γ-ray bursts.
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choices for the action and they are chosen so that Planck energy/momentum
becomes an invariant, as well as the speed of light. Besides than the principle
of relativity of inertial frames, principle of equivalence that relates different ob-
servers, DSR(II) formulation [65] further assumes the observer independence of
the Planck energy and exploits the corresponded principle. By imposing these
principles, the symmetry group becomes the ordinary Lorentz group, but it
acts non-linearly on the momentum space [65]. Consider the usual Lorentz
generators (anti-hermitian)
Jµν = P µ
∂
∂Pν
− P ν ∂
∂Pµ
(1.59)
where we assume the spacetime metric signature (−,+,+,+). The Lorentz
generators specify the Lie algebra of the Lorentz group SO(3, 1) and satisfy
the following commutation relations [66],
[Jµν , Jρσ] = i~ (ηµρJνσ − ηνρJµσ − ηµσJνρ + ηνσJµρ) . (1.60)
In conformal symmetry, the dilatation generator which generates scaling trans-
formation D := Pµ
∂
∂Pµ
acts on momentum space as D · P µ = P µ. One can
define the new algebra by considering the usual rotational generator but with
28
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i + LinvPiD ≡M0i (1.62)
in which the invariant length scale may be related to the Planck’s length10.
Both the rotational and boost generators satisfy the usual Lorentz algebra,
[Ji, Jj] = i~ǫijkJ
k (1.63)
[Ji, Kj] = i~ǫijkK
k (1.64)
[Ki, Kj] = −i~ǫijkJk. (1.65)
However, the action of boost operators on momentum space has become
non-linear due to the term proportional to Pi in (1.62). Next, one can define
the energy dependent (non-unitary) operator U(P0) := exp(LpP0D/h) which




10Of course from the physical ground, we can assume the invariant length is same order
in magnitude as compared to the Planck length in the subsequent sessions Linv = Lp.
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and the non-linear representation is generated by the operator U(P0) such that
U(P0) · Pµ = exp(LpP0D/h)Pµ ≡ Pµ
1− LpP0/h. (1.67)
The operator is singular at P0 = hL
−1
p , which hints to the emergence of a new
invariance. Thus, we have a simple choice of non-linear transformation that
satisfies the DSR requirement and also with an invariant energy scale.




















1 + (γ − 1)LpP0/h− γLpvPz/(hc) , (1.71)
which reduces to usual Lorentz transformation of four-momentum for small
|Pµ|. The new transformations do not preserve the usual invariance of 4-
momenta ||P ||2 = ηµνPµPν but it is possible to define the modified invariant
on the momentum space to be given by
(||P ||2)modified := η
µνPµPν
(1− LpP0/h)2 . (1.72)
However, it blows up at the new invariant energy scale Einv = cP0 =
hc/Lp which signals the collapse of smoothness of the spacetime at this energy
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scale. For the effects of DSR(II) on massive particles and super/sub-Planckian
photons, interested readers can consult the original articles [5, 65].
On the other hand, the extension of DSR to quantum mechanical phase
space (at the kinematic level) is possible. The modified commutation relations
that induced by both DSR(I) (realization of DSR with an energy cut-off Einv)
and DSR(II) (with an momentum cut-off Pmax) was proposed by Cortes and
Gamboa in [67]. Here, we list down the quantum-MCR for future reference.

























cosh(mcLp/~)− (1− L2pP 2/~2)
1− L2pP 2/~2
. (1.77)
From the above expression, at the limit when the mass of particle is much
greater than the inverse of the length scale m >> ~/(cLp), the hyperbolic
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cosine blows up cosh(mcLp/~) → ∞ and e−LpE/(~c) → 0. So the phase
space approaching the classical phase space, in which we can understand it as
quantum(microscopic) - classical(macroscopic) correspondence. On the other
hand, for the massless case with cosh(mcLp/~)




1− Lp|P |/~ . (1.78)
Thus the MCR for photon is
[X0, P0] = i~ (1.79)
[X0, Pi] = −i~LpPi (1.80)
[Xi, P0] = −i~LpPi (1.81)
[Xi, Pj ] = i~
{
(1− Lp|P |/~)δij + L2pPiPj/(~2)
}
. (1.82)
We see that we have the intrinsic maximal momentum in the theory and
when the momentum approaches it’s maximum, the MCR tends to a nontrivial
limit which differs from the Heisenberg canonical commutation relation. This
observable maximal momentum is induced by a modification of the relativity
principle which serves as the signature difference as compared to the minimal
length inspired MCRs. Furthermore, for DSR(II) we have the MCR as,
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[Xi, P0] = 0 (1.85)






Clearly we see that the quantum mechanical commutators are modified and
become important when the energy approaches its maximum E → hc/Lp. In
this limit, all the commutators vanish and we obtain a classical phase space.
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1.4 Outline of the thesis
In the preceding sections, we discussed on the two predominant and most
promising quantum gravity models, namely Superstring Theory and Loop
Quantum Gravity (LQG), as well as deformed (doubly) special relativity in-
clude minimal length and maximum momentum scenarios. While these models
aim to describe Trans-Planckian physics, the novel predictions may find rele-
vance in our accessible energy regime. This serves as the main motivation for us
to study the model independent, phenomenological aspect of quantum
gravity and their low energy features in the subsequent part of the thesis.
In chapter 2, we begin by implementing the Jacobi identity constraint ex-
actly on a larger, general class of modified commutation relations (MCR’s).
We find a two-parameter class of exact MCR’s which encodes an intrinsic
maximum momentum; a sub-class of which also implies a minimum position
uncertainty. These is our main dimensions-independent result by mainly im-
posing Jacobi identity constraint. One member of the exactly realized MCR
will turn out to have the form (2.1) but with all parameters fixed in terms of
a single deformation parameter. The utility of the exactly realized MCRs is
that they allow us to investigate the phenomenon of maximum momentum in
a mathematically controlled manner: since dimensionally Pmax ∼ O(1/α), this
invalidates perturbative treatments in general. For the sake of simplicity, we
consider one-dimensional parity non-invariance MCR with smooth deformation
factor f2(P ) for explicit calculation rather than the projection from the higher
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dimensional MCRs. The choice is justifiable since MCRs are understood as
effective theory to study the quantum-gravitational physics. Most studies in
quantum gravity literature shown that coupling of gravity to fermion (Dirac,
Weyl) induces torsion to the spacetime geometry and hence violate parity
weakly11. We discuss the formalism of MCR in Hilbert space with momen-
tum representation and study the self-adjointness condition of the physical
operators.
In chapter 3, we solve exactly the one-dimensional harmonic oscillator prob-
lem for two models of parity non-invariance MCRs. The results show a termi-
nation of the bound state spectrum at finite energy, followed by a continuum,
in stark contrast to the usual undeformed case. The position and momentum
uncertainties of the upper-most bound states are seen to display classical char-
acteristics. We also determine the leading order energy shifts of bound states
due to the obtained class of MCR’s. Since quantum mechanics has been well
tested, the relevant regime for such a task is αP ≪ 1. Thus starting from
the exact MCR’s, we deduce a two-parameter family of MCR’s which have the
same form as (2.1) and which satisfy the Jacobi identity approximately, with
errors quantified. The Ali, Das and Vagenas (ADV) choice of parameters [69]
will be seen to be an example from this family.
We determine the energy shifts in Sect.(3.2) using a semi-classical analysis
which we justify in Sect.(3.3.1). The advantage of the semi-classical analysis is
11In loop quantum gravity, one can use this as the phenomenological constraint to the so
called free Immirzi-Barbero parameter in the theory [45,46,77].
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that it gives, with relatively little effort, the high energy spectrum for a larger
class of potentials in diverse dimensions. This allows us to identify certain
universal features of the deformed spectra due to the obtained MCR’s and to
contrast the results with those due to the string theory inspired MCR’s (1.41),
and other non-polynomial versions. Relativistic corrections to energy shifts
are also discussed, while isotropic power-law potentials in higher dimensions
are studied in Sect.(3.3). Various consistency checks are performed on the
semi-classical results in Sects.(3.2), such as comparing them with known exact
computations and perturbative expressions.
In chapter 4, we construct the exact position representation corresponding
to the MCR (2.14, 2.16) with standard measure in coordinate space. We
compare our representation against the Snyder/Anti-Snyder cases, and use
it to solve for the free particle spectrum in Sect.(4.2) and the infinite-well
spectrum in Sect.(4.3). For the infinite-well we find that the bound state
spectrum terminates at finite energy when α > 0, just as for the harmonic
oscillator case in Ref. [68]. The spectrum is also limited above for the Anti-
Snyder case, but not for the Snyder case, as expected.
An interesting feature of Dirichlet boundary conditions for the infinite-
well with MCR (2.16) is that the Hamiltonian is not Hermitian (in standard
measure in coordinate space) though the energy eigenvalues are real! One
consequence of this is that one must be careful when using some standard
formulae for second-order perturbation theory. We also show that periodic
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boundary conditions, which equivalently describe a particle confined in a thin
ring, give rise to a Hermitian Hamiltonian.
As not all problems are easily handled using the exact position representa-
tion, in Sect.(4.4) we illustrate how the low-momentum expansion (4.6), when
supplemented with the consistency condition (4.7), can be used to obtain the
correct spectrum of the infinite-well for low-momentum modes. We then use
the low-momentum expansion to study scattering from a step potential. In
Sect.(4.5) we discuss the formation of bound states in an asymmetric finite
well. We show that the MCR (2.14) delays the formation of bound states
compared to usual quantum mechanics, just as for the Snyder case. However
for the Anti-Snyder case, the formation of bound states is actually enhanced.
In chapter 5, we review the formalism of generalized Heisenberg algebra
(GHA) [97] in constructing the so called Gazeau-Klauder’s coherent states
(GKCS) [93,94]. In Sect.(5.2) we explicitly construct the exact GCS for q = 1
deformed harmonic oscillator (DHO) which is parametrized by two real and
positive parameters (J, γ). Since this model exhibits maximum momentum,
the general results and behaviors of the Planck length quantum optical system
are different as compared to the stringy GUP case [98, 102]. The entropy
of the optical system turns out to increase in the presence of the maximum
momentum instead of decrease (due to the minimal length as in Ref. [98]).
In Sect.(5.2.2), for simplicity we calculate perturbatively the modified un-
certainty principle (MUP) for q = 1 DHO. MUP predicts the deviation from
37
Ch 1– Introduction and Motivation
usual quantum mechanics in which the product of physical momentum and
position uncertainties are either greater (or smaller) than ~/2, depending on
γ. This scenario is in contrast to the string-theory (Snyder) motivated models
whereby the uncertainties are always increased due to positive correction. This
signals that GCS saturate the minimal uncertainty in simultaneous measure-
ment of X and P , thus behave as squeezed type of coherent states. However
for certain values of γ such as sin γ < 0, it is possible for the uncertainties to
vanish at certain mean energy J , which exhibits classical characteristic. This
classicality behavior is different in nature compared to the one induced by max-
imum momentum. We emphasized that this result is only valid up to first order
perturbation even through phenomenologically the perturbative/approximate
results are sufficient as one expects deformed parameter α to be very small.
We interpret these as the effects of the intrinsic high momentum cut-off at
lower-momentum sector in a perturbative treatment. The full exact treatment
with explicit maximum momentum cut-off shall be considered in future study.
We see that at quantum level, gravitational induced uncertainty destroys com-
plete coherency and it is in principle impossible to have a monochromatic light
ray.
Furthermore, the Mandel-Q parameter can be either positive or negative
with finite values of (δ, γ). This implies that the photon-statistics in GCS can
be either Poissonian, super/sub-Poissonian depending on values of γ. Thus,
we can have both gravitational induced photon bunching/anti-bunching effects.
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Ehrenfest’s theorem and Corresponded Principle are recovered up to first order
in perturbation. Fractional revival times is studied and the revival structure
is shown to be similar to the stringy case [101].
In Sect.(5.3), we construct the GCS for q = 1 infinite potential well using
perturbative approach. The main results are similar to DHO case. For com-
parison, we investigate the Anti-Snyder model for infinite potential well which
also incorporates the maximum momentum cut-off. Since the characteristic
function has the similar form as the q = 1 infinite potential well, we conjec-
ture that indeed the increase of entropy of any Planck length quantum optical
system is the generic feature of a theory with maximum momentum cut-off,
i.e. q = 1 MCR’s and Anti-Snyder model.
In chapter 6, modified dispersion relation is considered up to leading or-
der correction. Superluminal propagation of photons is possible by MCR in
the Planck regime which is consistent with the time dependent speed of light
phenomena. In Sect.(6.3) we study the one-dimensional KG equation with
scalar and vector potentials. Using momentum and position representation
interchangeably, we solve the bound state energy spectrum and correspond-
ing wavefunctions. We show that for spinless particle, the energy spectrum
is bounded from above and the number of the bound state solutions is finite.
This is the generic result of MCRs with maximum momentum cut-off as com-
pared to their non-relativistic counterpart [68, 90, 91]. In Sect.(6.4) and (6.5),
we consider the Dirac equation with scalar/vector linear potential and the
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Dirac oscillator respectively. The bound state energy spectrum, wavefunctions
and number of state are determined. Also, we compute the GUP for Dirac
oscillator and show that the non-relativistic limit reproduces similar feature as
in DHO.
Finally, we provide summary and future works in chapter 7. Details calcu-
lation and side track discussions are given in the appendices. In appendix A, we
imposed the Jacobi identity and obtained the MCR that satisfies the identity
exact. It is in consistent with q = 1 case. In appendix B, detailed calcula-
tion of the exact solution for q = 0 deformed harmonic oscillator is presented.
Subsequently, semi-classical calculation of deformed spectrum is discussed in
appendix C.. Appendix D discuss the concept of non-perturbative expansion
may lead to spurious solution and consistency condition must be applied for
low momentum expansion in all MCR models. Appendix E gives the deriva-
tion of the hermicity and conservation of probability current. Lastly, appendix





In the chapter, we formulate the general class of Modified Commutation Rela-
tions (MCR) and study their Hilbert space representation in momentum space.
The results of this chapter is a reproduction with details on the work published
in [68].
2.1 Linear Modified Commutation Relation MCR(II)
Motivated by the idea of maximum momentum (and/or maximum energy)
cut-off in deformed (doubly) special relativity (DSR) [5] which we discussed
in chapter 1. Ali, Das and Vagenas (ADV) proposed an extension of (1.41)
allowing for linear momenta terms on the right-hand-side [69], generally given
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by
[Xi, Pj ] = i~
(




where P 2 =
∑3
i=1 PiP
i. Latin indices (i, j) represent the spatial part of space-
time indices and the (αs, βs) with s = 1, 2 are deformation parameters, with
β ∼ α2 dimensionally. In literature (2.1) is known as linear GUP model1,
wheareas the stringy theory motivated version (1.50) is known as quadratic
GUP.
Some consequences of the relation (2.1) have been studied in the literature
[69–72], but so far for particular choices of the parameters αs, βs. In particular,
the Jacobi identity constraint on (2.1) was solved to leading order in α while
the β values were chosen freely [69]. In this case, the Jacobi identity is satisfied
approximately.
In this chapter, we derive different classes of MCR both exactly and approx-
imately. To begin with, consider the general class of symmetric commutators
[Xi, Pj ] = i~ [F (P )δij +G(P )PiPj ] . (2.2)
Let the derivatives be denoted by F
′
= dF/dP 2 = (dF/d|P |)/(2|P |); note
1We note that since the magnitude of the momentum operator |P | is defined as the square
root of P 2 =
∑3
i=1 PiP
i, it is not an analytical function of Pi. A branch-cut starts from
|P | = 0 and d
d|P | is not well-defined at |P | = 0. This is the drawback of the linear GUP
model. Throughout whole thesis, we shall consider another one-dimensional linear GUP
model as the First Principle to perform explicit calculation. The technical analyticity
concern will be studied as further work. We thank the examiners for the critical comments.
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that, as in [69], generally we permit F,G to depend on |P | and not just P 2.
We assume a minimal extension of the Heisenberg algebra (with commu-
tative coordinate and momentum space), leaving the following commutators
unchanged
[Xi, Xj ] = [Pi, Pj ] = 0 for all (i, j) . (2.3)
Consistency of (2.2, 2.3) requires that the Jacobi identity be satisfied2,
[[Xi, Xj ], Pk] + [[Xj , Pk], Xi] + [[Pk, Xi], Xj ] = 0 , (2.4)




F − 2P 2F ′ . (2.5)
Suppose now we demand the diagonal part of (2.2) be at most quadratic
(as an Ansatz),
F (P ) = F1(P ) ≡ 1 + α1|P |+ β1P 2 , (2.6)
then
G(P ) = G1(P ) ≡ 2F1F
′
1
1− β1P 2 . (2.7)
For β1 > 0, G1(P ) has a pole where the commutator (2.2) diverges, imply-
ing an intrinsic maximum momentum is needed to be imposed for the finite
2The other set of Jacobi identity involving two Pi’s and one Xi is satisfied trivially since
the MCR we considered is only a function of momentum on the right hand side.
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commutation relations. The example studied in [73] exhibits such a scenario.
Furthermore, for β1 < 0, F1(P ) and hence the commutator (2.2) vanish at
some momentum, implying a singularity in the weight factor and integrals
such as (2.26). Thus again we have an intrinsic maximum momentum but
with different characteristics than the previous case: Now the limit appears to
indicate an approach to a classical phase [5,74,75]. In the thesis (from chapter
3 onwards), we mainly explore the detail consequences of MCR with intrinsic
maximum momentum of second nature.
We emphasize that the dimension-independent conclusion of intrinsic max-
imum momentum obtained by using Jacobi identity constraint is generally
valid for a large class of MCR we considered in (2.2). The appearance of
intrinsic maximum momentum Does Not require the specific form of the
linear momentum encoded in the function of F (P ). For instance, we men-
tion another solution to (2.6,2.7) obtained by taking α1 = 0 or we demand
F (P ) = F2(P ) ≡ 1 + β1P 2 in (2.6). We obtain
G(P ) = G2(P ) ≡ 2F2F
′
2
1− β1P 2 =
2β1(1 + β1P
2)
1− β1P 2 . (2.8)
The argument on the appearance of intrinsic maximum momentum (in the
sense of pole truncation) is continuously true for β1 > 0 since (2.8) implying
an intrinsic maximum momentum is needed to ensure the finite commutation
relation similar to F1(p) case. In addition, for β1 < 0, F2(P ) and hence the
commutator (2.2) vanish at some momentum, implying a singularity in the
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weight factor again similar to previous F1(p) case. By using α1 = 0 solution,
the commutator reads






(1− β1P 2) PiPj
]
(2.9)
≈ i~ [(1 + β1P 2)δij + 2β1PiPj +O(β21)] . (2.10)
The perturbation expansion3 of α1 = 0 solution results in a MCR which is
like the string motivated version (1.50) or non-relativistic Snyder/Anti-Snyder
version (1.53) but now within commuting space. We notice that the general
classes of MCR we studied (2.2) comprise all the possible MCR in literature
that motivated from string theory, DSR, non-commutative geometry and other
quantum gravity model.
For β1 ≡ 0 the denominator in (2.7) trivialises and the final result for (2.2)
is
[Xi, Pj ] = i~(1− α|P |)
[
δij − αPiPj|P |
]
, (2.11)
where we have set −α1 = α > 0.
This solution also has an intrinsic maximum momentum4, |P | < 1/α. In
Appendix (A) we show that an exact implementation of the Jacobi identity on
3Notice that by perturbative treatment, the F2(P ) class MCR (2.10) no longer exhibits
the intrinsic momentum but rather the minimal length. This is expected since perturbative
treatment may not able to capture the original non-perturbative nature of the intrinsic
momentum.
4The cut-off does exist even if α < 0 as one can see in dynamics restricted to a one-
dimensional subspace where a particle explores the open line in momentum space.
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the ansatz (2.1, 2.3) gives the same solution (2.11).
The implications of an intrinsic momentum cut-off will be seen in the fol-
lowing sections in this thesis where we will also briefly review some other
MCR’s from the literature which involve a momentum cut-off [5, 73–76].
2.1.1 Truncations of MCR’s
For β1 6= 0, (2.7) is not a quadratic polynomial. If however one assumes
|β1|P 2 ≪ 1, then with re-labellings α1 = −α, β1 = rα2, r dimensionless, one
obtains for (2.2)




δij|P |+ PiPj|P |
)
+ α2(δijrP
2 + (2r + 1)PiPj)
]
(2.12)
with terms of order (rα3|P |3) ignored. Included in (2.12) is the possibility
α→ 0, rα2 → β 6= 0 which corresponds to the leading β ′ = 2β version of the
stringy MCR (1.50).
In other words, for r 6= 0 the MCRs (2.12) form a two-parameter, (α, r),
family which have at most quadratic momenta terms on the right and which
satisfy the Jacobi identity approximately: the regime of validity is |r|(α|P |)2 ≪
1. Including O(|P |3) terms in (2.6) contribute only to the ignored terms in
(2.12).
As discussed in Appendix (A), the ADV [69] choice of parameters in the
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ansatz (2.1) corresponds to the case r = 1 in the approximate class of MCR’s
(2.12).
The special case r = 0 (β1 = 0) corresponds to the one-parameter deformed
commutator (2.11) which is at most quadratic in momenta and which satisfies
the Jacobi identity exactly. The simplicity and larger range of applicability of
this case singles it out for special attention in this thesis.
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2.2 One-Dimensional MCR
There are many experimental situations where dynamics are restricted to an
essentially one dimensional subspace, such as the Penning trap discussed in
[51]. The one-dimensional projection of the the exact and approximate MCRs
(2.11,2.12) can be written together as
[X,P ] := i~f1(P ) = i~
(
1− 2α|P |+ qα2P 2) (2.13)
where we have introduced the dimensionless parameter q = 3r + 1 and defor-
mation factor f1(P ) = 1 − 2α|P | + qα2P 2. For q = 1 this relation is exact
as it follows from (2.11) while for q 6= 1 it inherits the external |r|(αP )2 ≪ 1
limitations. The relation (1.41) is included as the limit α → 0, qα2 → β.
The deformation factor f1(P ) is a generic function which has to vanish for
small momenta and should preserve symmetries such as rotations and parity,
e.g. it has definite parity f1(−P ) = f1(P ). In higher-dimensional case the
left hand side of the MCR (2.11, 2.12) is a smooth function of the Pi. But
in one-dimensional case, since there is only one component of momentum, the
one-dimensional projection of higher dimensions MCR will contains the term
with |P | which is not smooth at |P | = 0.
However, having a smooth function makes the exact mathematical analysis
of the spectrum easier. This is the main motivation for us to drop the parity
invariance and use momentum P instead of magnitude |P | in the deformation
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factor. Thus, we regard the following one-dimensional MCR
[X,P ] = i~
(
1− 2αP + qα2P 2) (2.14)
as the First Principle when perform the explicit calculation in the subsequent
section of the thesis. Notice that MCR (2.14) satisfies the Jacobi identity
trivially. It is convenient to define the parity violating deformation factor
f2(P ) ≡ 1− 2αP + qα2P 2; f2(−P ) 6= ±f2(P ) (2.15)
and write the one-dimensional relation as
[X,P ] = i~f2(P ) . (2.16)
Both (2.13) and (2.14) produces the same string theory motivated MCR
in the limit α → 0; qα2 → β. The choice of parity violating one-dimensional
MCR we choose in (2.14) is not fully unjustifiable5. We know that parity
is already violated by weak interactions. Since MCR’s are phenomenologi-
cal models in describing some effective physics, it means that in our choice
of parametrization in one-dimensional, we are encoding some other possible
sources of parity violation. In addition, in quantum theory of gravity, e.g. in
5Whenever possible, we will perform explicit comparison on the results obtained by both
simplified model with deforming factor f2(P ) and the exact case f1(P ). For instance, in
section (3.2.1) we compute the semi-classical energy shift due to both models. It was shown
that the generic features are the same: both deformed energies are shifted down as compared
to the stringy/Snyder motivated model.
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Loop Quantum Gravity (LQG) with fermion as the source of torsion to the
spacetime, it is possible to have weak parity violation [77]. It is believed that
the effect of parity violation in gravitational theories might be very important
in explaining the baryon asymmetry of the Universe [78] which states that our
Universe consists of matter, with the negligible amount of antimatter.
In the literature [69–72], investigations of (2.14) with α 6= 0 have so far
been performed using the approximate relation (A.16) of ADV. In the one-
dimensional quantum mechanics this means that q = 4 has been implicitly
chosen rather than other values, such as q = 1 which is implied by a projection
of the exact three-dimensional MCR (2.11). In the following sections we will
study (2.14) for generic values of q.
For real momentum P the polynomial f(P ) has roots at (1±√1− q)/(αq).
Thus for q > 1 the roots are away from the real line and (2.16) is well defined.
However for q = 1 there is a doubly degenerate real root and a momentum
cut-off P < 1/(qα) is required. For q < 1 there are two real roots except at the
point q = 0 where there is only a single real root at 1/(2α). As we shall see,
the position and nature of these roots determines the qualitatively different
features of the deformed spectrum; this will be particularly transparent in the
semi-classical analysis of Sect.(3.2) where 1/f enters as a weight function in
the integrals and is solely responsible for the deformed spectrum.
Remember that in addition to the intrinsic momentum cut-off coming from
the roots of f(P ), for q 6= 1 there are the external momentum limits |r|(αP )2 ≪
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1 on the validity of the MCR’s. For some cases these are compatible, for
example for q = 0 (that is |r| = 1/3) the intrinsic cut-off αP < 1/2 means
that |r|(αP )2 < 1/12≪ 1 is satisfied. For q > 1 there are no intrinsic cut-offs
(in the approximate forms (2.14)) and so for such cases any discussion of the
large momentum regime is to be understood as a formal comparison with other
cases, such as q = 1, where there is an intrinsic momentum cut-off.
51
Ch 2– Modified Commutation Relations and Formalism
2.3 Modified Uncertainty Principle (MUP), Min-
imal Length and Maximum Momentum
We saw that an intrinsic maximum momentum, O(1/α) ∼ O(1/√β), is en-
coded in the class of exactly realized MCR’s defined by (2.2, 2.3, 2.6, 2.7), a
scenario favored by deformed special relativity [5]. Consider now for simplicity
an one-dimensional MCR of that class (2.14), [X,P ] = i~(1− 2αP + qα2P 2).
Defining as usual (∆X)2 = 〈X2〉 − 〈X〉2, it follows that for that sub-class
∆X∆P ≥ 1
2
〈[X,P ]〉 ≥ ~
2
(1− 2α〈P 〉+ qα2〈P 2〉) . (2.17)
This can be written as the MCR-inspired GUP6
2∆X
~




(q − 1)α2〈P 〉2
∆P
+ qα2(∆P ) (2.18)
for all real q parameter. Particularly, for (q − 1) > 0 the right side of (2.18)
is positive and increases when ∆P tends to zero or infinity. Thus there exists
a sub-class of the exactly realized MCR’s for which ∆X has a nonzero min-
imum; such a minimum position uncertainty is usually associated with some
fundamental length scale [3] and originally motivated by the search for de-
formed Heisenberg algebras that would realize such scenarios [13, 76]. Simply
on dimensional grounds, (∆X)min ∼ O(~α).
6Eq.(2.18) is consistent with (2.14) by α1 → −2α; β1 → qα2.
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Note that for q 6= 1 the truncated versions of the MCRs displayed in
Eq.(2.14) are valid only in the (αP )2 ≪ 1 regime, as derived earlier, and
so maximum momentum in the form of poles in the MCRs is no longer visible,
though for q ≤ 1 the form where the MCRs vanish at some intrinsic maximum
momentum is realized. Indeed we will see in Sect.(3.1.2) an example with
∆X = ∆P = 0.
For the truncated versions (2.14), q > 1 seems to allow for a minimum po-
sition uncertainty but no intrinsic momentum cut-off while for q ≤ 1 we have
a maximum momentum cut-off but apparently no minimum position uncer-
tainty. Beside than the minimal length which is predicted by quantum gravity
theory, we see that an intrinsic maximum momentum of O(1/α) which is fa-
vored by deformed special relativity [5] can be realized with MCRs in (2.14)
with certain range of q values. By plotting the MUP (2.18) in Fig.(2.1, 2.2), the
existence and non-existence of minimal length can be seen from the boundary
of the allowed region.
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Figure 2.1: Boundary of the allowed region of the modified uncertainty princi-
ple MUP with α = 0.1 and q = 4. We see that there is a lower bound for ∆X

















Figure 2.2: Boundary of the allowed region of the modified uncertainty prin-
ciple MUP with α = 0.1 and q = 1. We see that there is no minimal length in
this case and ∆X = 0 is possible.
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It is worth to note that as similar to GUP, the MCR(II)-inspired MUP
(2.18) also exhibits a peculiar form of the UV/IR mixing that may allow short
distance physics to be probed by large scale physics and vice versa. From
(2.18), when ∆P is large (UV), ∆X is proportional to ∆P (for β1 6= 0) and
therefore is also large (IR). This scenario seems to be expected from most of
the quantum gravity phenomenology such as AdS/CFT correspondence and
non-commutative field theories.
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2.3.1 Minimal Length and Maximum Momentum Un-
certainty
In the literature, usually the smallest uncertainty in position is interpreted as
the minimal physically measurable length scale, (∆X)min ≡ Xmin. To obtain





1− 2α〈P 〉+ qα2〈P 2〉]
























+ 4α2〈P 〉2. (2.20)




q − 1). (2.21)
Note that this is consistent with previous argument that minimal position
uncertainty is possible for subclasses of MCR’s with q > 1 since (∆X)min
must be real-valued for physical position operator. The duality of position
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and momentum operators allows us to assume (∆X)min ∝ (∆P )max. Indeed,
when we have the minimal length, the corresponding momentum uncertainty
can be obtained by substituting (∆X)min = ~α(
√







Importantly, we note that (2.22) is only valid for q > 1. This is the maximal
momentum uncertainty which means that a test particle’s momentum cannot
be arbitrarily imprecise. Although the minimal position uncertainty can be
interpreted as the minimal length, it is non-trivial to assume that this may
lead to a maximal momentum for a test particle [5] required by DSR theories.
Indeed Eq.(2.22) puts an upper bound on the uncertainty of the momentum
measurement, not on the value of observed momentum spectrum in which the
latter is preferred by DSR theories.
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2.4 Hilbert Space and Momentum Represen-
tation
Since the MCR(II) in (2.14) exhibits minimal length for certain range of q
values, e.g. q > 1, therefore we no longer have the notion of localization in
the position space to define the Hilbert space representation. This is because
the position eigenstate is no longer physical but a formal eigenstate due to
(∆X)min 6= 0. To construct new Hilbert space representation, momentum
space becomes more convenient7 for the analysis of any eigenvalue problem
since we are interested in the case where (∆P )min = 0 .
The exact spectrum of the harmonic oscillator and others quantum mechan-
ical systems with the string theory inspired MCR(I) (1.41) has been studied
in detail in Refs [13, 51, 58]. In one-dimension, the position and momentum
operators may be represented in momentum space by P = p, X = (1+ βp2)x
where x, p are the low energy canonical variables satisfying the usual Heisen-
berg algebra
[x, p] = i~. (2.23)
7In this thesis, we mainly concentrate on the cases in which there are maximum momen-
tum cut-off but without minimal position uncertainty. So, for q ≤ 1 we have the flexibility
to use either position or momentum space. For q > 1, we have to analyze the problem in
momentum representation.
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with x = i~ ∂
∂p
. Inspired by this, a representation of the algebra (2.16) is






1− 2αp+ qα2p2) ∂
∂p
. (2.25)
Both operators (2.24) and (2.25) are defined to act on the dense domain of S∞
of functions decaying faster than any power. The measure and completeness










1− 2αp+ qα2p2 |p〉〈p|, (2.26)
and the inner product of momentum eigenstate is










(1− 2αp+ qα2p2) . (2.28)
The choice of the deformed measure in (2.28) is important to ensure the her-
miticy of the position operator that can seen from (2.29). As noted earlier,
we require q > 1 to have well-defined measures and operators acting on the
open line8 −∞ < p < pmax = ∞. For q ≤ 1 the intrinsic momentum cut-off
p < pmax must be implemented in order for the convergence of the integral
involved. This is because the measure for q < 1 is not strictly positive definite.
8Note that we have only the momentum bound pmax on the positive real line due to the
parity non-conservation assumption made in (2.14).
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2.4.1 Symmetricity and Self-Adjointness Condition of
Physical Operators
We require X and P to be symmetric on the domain S∞. The operator P = p

































= 〈ψ|X|φ〉f + B(p) (2.29)








We see that with the choice of measure as dp/(1 − 2αp + qα2p2) in (2.29)
the position operator is symmetric if and only if we impose the vanishing of
the boundary term B(p). It is important to note that although we can ensure
the vanishing of boundary terms (2.30) by appropriate fall-off condition of
momentum wavefunction, e.g. by requiring φ(−∞) = φ(pmax) = 0, there is
no constraint on the conjugate dual ψ∗(p). In general ψ∗(p) can be arbitrary.
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This implies that the domain of the position operator X and its Hermitian
conjugate X† are not equivalent, i.e
D(X) =
{





ψ ∈ L2(−∞,∞); no restriction on ψ} . (2.32)
To study the self-adjointness property of the position operator one can
apply the von Neumann’s theorem [79]. First, we solve the eigenvalue problem






φ±(p) = ±iλφ±(p). (2.33)



























for q = 1
φ±(0)
(
1− 2αp)∓ λ2α~ . for q = 0
For q > 1 case, we can easily see that both φ±(p) belong to L
2(−∞,∞)













well defined for the whole domain. φq>1± (p) is normalizable. The deficiency
indices [79, 80] of position operator X are (1, 1). Hence, the position operator
is not essentially self-adjoint but has a one-parameter9 family of self-adjoint
9The number of the possible self-adjoint extension is given by n+ ∗ n−, where n+(n−)
61
Ch 2– Modified Commutation Relations and Formalism
extension, which is consistent with result in [58, 73].
However for q ≤ 1, the situation is distinctly different. We see that for q ≤
1, φq≤1± (p) is not normalizable within the domain concerned p ∈ (−∞, pmax)
for both ±iλ case. Hence they contain the deficiency indices of (0, 0) and
consequently the position operator is indeed self-adjoint beside than merely
symmetric by von Neumann’s theorem.
By the same token, we have for momentum operator in quasi-position
space10
P †φ±(x) = −i~ ∂
∂x
φ±(x) = ±iηφ±(x), η > 0. (2.34)
and after a simple integration gives






Since the operator P is defined on the whole real axis where φ±(x) diverge
at x → ±∞ and consequently are not normalizable, none of the functions
φ±(x) belong to the Hilbert space L2(ℜ). Therefore the deficiency indices
are (0, 0) and we conclude that the momentum operator is indeed self-adjoint
regardless of q values as expected.
are the deficiency indices [79].
10We consider quasi-position space since for q > 1, we have the non-vanishing minimal
length and thus physical state/localization is not possible beyond Planck length.
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since we are using the representation (2.24, 2.25), the kinetic energy part is



















The symmetricity condition of X2 and hence Hamiltonian implies that,

























= 〈ψ|X2|φ〉f + B˜(p), (2.38)











is required to vanish by symmetricity condition. Thus with appropriate bound-
ary conditions on the momentum space wavefunctions, X and H are Hermitian
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and thus having real eigen-spectrum. In particular, the energy spectrum will
be real and bounded below as one can verify for the explicit solutions we find
in Sect.(3.1) and subsequent sections.
Similar to the case of position operator, we can ensure the vanishing of B˜(p)
and thus the symmetricity of Hamiltonian operator by the appropriate fall-off
condition of the momentum space wavefunctions φ(p) and its first derivative,
e.g. φ(−∞) = φ(pmax) = 0; φ′(−∞) = φ′(pmax) = 0. There is no constraint
on ψ∗(p) and in general, it can be arbitrary. The domain of the Hamiltonian
operator H and its Hermitian conjugate H† are
D(H) =
{




ψ ∈ L2(−∞, pmax); no restriction on ψ
}
. (2.39)
This implies that the deformed harmonic Hamiltonian is symmetric but not
essentially self-adjoint.
2.4.2 Formal Eigenstates of Position Operator
As discussed earlier, for q > 1 we have the finite resolution of the spatial
points. Without lost of generality, let us consider the eigenvalue problem for
the position operator on the momentum space. We choose q = 4 MCR which
is mainly discussed in the literature [69, 70]. It takes the form of
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ψλ(p) = λψλ(p) (2.40)
whereby ψλ(p) = 〈λ|p〉 is a one-parameter family of formal position eigenstate
[13,81] and |λ〉 is an arbitrary position state. Eq.(2.40) can be solved to obtain
the formal position eigenstates as

















where cλ is the arbitrary constant.









































Note that in contrast to [81], we shall not interpret the maximum mo-
mentum uncertainty (∆P )max =
√
3/(4α) as the momentum cut-off. The
integration limit in the measure is running over ℜ. Eq.(2.43) is the generalized
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momentum space eigenstates for the position operator in the presence of both
minimal length and maximum momentum uncertainty11. They are merely the
























1− 2αp+ 4α2p2 (2.44)

















































which infers that the formal position eigenstates are generally no longer or-
thogonal. In Fig.(2.3, 2.4) we plot the behavior of 〈ψλ′|ψλ〉f against (λ − λ′)
in the unit of (∆X)min =
√
3α~.
11We shall not interpret this as intrinsic maximum momentum cut-off.
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Figure 2.3: Behavior of formal eigenstate for position operator (real part),
〈ψλ′|ψλ〉f as a function of λ− λ′ in the unit of minimal length (∆X)min.










Figure 2.4: Behavior of formal eigenstate for position operator (imaginary
part), 〈ψλ′ |ψλ〉f as a function of λ−λ′ in the unit of minimal length (∆X)min.
However, there is one-parameter family of diagonalizations of X character-
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ized by the set of eigenstates. These states are parametrized by λ ∈ [−1, 1]
e.g.





∣∣ψ(2n′+λ)√3α~〉f = δn,n′ . (2.47)
Thus there are diagonalizations of the position operator with lattice spacing
of 2(∆X)min = 2
√
3α~. Nevertheless, this family of states are not the physical
states as well.
The expectation values of P and P 2 in |ψλ〉 are found to diverge, i.e.
〈ψλ|P |ψλ〉f → ∞; 〈ψλ|P 2/(2m)|ψλ〉f → ∞. This means that the position
eigenstates are formal and not acceptable physical states because the momen-
tum uncertainty and energy are infinite. As mentioned in [13], states |ψλ〉 that
have a well-defined uncertainty in position (∆X)|ψ〉 which is inside “forbidden
gap”
0 ≤ (∆X)|ψ〉 < (∆X)min (2.48)
cannot have finite energy and thus there is a finite limit to the localizability
as compared to usual quantum mechanics. For instance, we cannot have a
wavepacket in the domain defined in Eq.(2.48) since approximation by a series
of physical states is impossible due to the non-vanishing minimal length.
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2.5 Maximal Localization States
With the presence of minimal length Lp = (∆X)min =
√
3α~ for q > 1, we
cannot probe distances less than the Planck length due to finite resolution of
the spatial points. The information on position operator is encoded in the
states which realize the maximally allowed localization |ψMLξ 〉. They have the
properties
〈ψMLξ |X|ψMLξ 〉f = ξ; where ξ ≥ lp, (2.49)
(∆X)|ψML
ξ
〉 = (∆X)min. (2.50)
As suggested in [13], from the positivity of the norm
0 ≤
∥∥∥∥(X − 〈X〉f + 〈[X,P ]〉f2(∆P )2 (P − 〈P 〉f ))∣∣ψ〉
∥∥∥∥ , (2.51)
we can deduce that
0 ≤ 〈ψ∣∣(X − 〈X〉f )2 − (〈[X,P ]〉f
2(∆P )2
)2
(P − 〈P 〉f )2
∣∣ψ〉
⇒ (∆X)(∆P ) ≥ 〈[X,P ]〉f
2
(2.52)
where we have make used of the fact that 〈[X,P ]〉f is purely imaginary. So,
on the boundary of physically allowed region, we have
[
X − 〈X〉f + 〈[X,P ]〉f
2(∆P )2
(
P − 〈P 〉f
)] ∣∣ψ〉 = 0 (2.53)
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(2.53) translates into the form of differential equation in momentum space
as
[
i~(1− 2αp+ 4α2p2)∂p − 〈X〉f
+i~
[






To obtain the absolute maximal localization state, we have to set the expec-
tation value of momentum operator 〈p〉f = 1/(4α), the position 〈X〉f = ξ and
the critical momentum uncertainty (∆p)max =
√
3/(4α) (see Eq.(2.22)). Thus
(2.54) gives the maximal localization states as
ψMLξ (p) =
cξ√
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where the integral contributes π/(6
√
3α2). We see that we can interpret max-
imal localized states as proper physical states since their energy are finite.
However due to the spatial fuzziness, there is no mutual orthogonality of the
maximum localization states e.g.























































In Fig.(2.5) we show the variation of Re(〈ψMLξ′
∣∣ψMLξ 〉f ) with (ξ′ − ξ) in unit of
(∆X)min.
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Figure 2.5: Behavior of maximal localization state, Re(〈ψξ′|ψξ〉f ) as a function
of ξ − ξ′ in the unit of minimal length (∆X)min.
2.5.1 Quasi-position Representation
In deformed quantum mechanics with minimal length q > 1, we cannot project
arbitrary states on position eigen-basis as usual quantum mechanics due to the
reason that there are no physical states which would form a position eigen-
basis. However, we can still expand arbitrary states |ϕ〉 on maximally local-
ized states |ψMLξ 〉 to obtain the probability amplitude for the particle being
maximally localized around the position ξ. From (2.57), the “quasi-position”
wavefunction of state |ϕ〉 is defined as
ϕ(ξ) := 〈ψMLξ |ϕ〉f . (2.60)
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For consistency, ϕ(ξ) → 〈ξ|ϕ〉 for undeformed case when α → 0. The







































(1− 2αp+ 4α2p2)3/2 (2.61)





as the deformed wave number.
This mapping of momentum wavefunction can be viewed as the generalized



























since arctan(x) is bounded. Thus, due to minimal length and existence of a
limit to the precision to which position can be resolved, there is no wavelength
smaller than λ0 = 3
√
















which diverges when λ→ λ0. Hence, the quasi-position wavefunction no longer
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has arbitrarily fine “ripples” in contrast to ordinary quantum mechanics.
Since (2.61) is the generalized Fourier transformation, it is still invertible.


























Next, consider the generalized plane wave profile in the generalized space. We








































By using the position operator (2.25) and applying the action of X on mo-
mentum space wavefunction (2.64), we obtain
Xψ(p) = i~
[




















whereby we substitute the momentum as (2.65). Thus, the position operator
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reads,








= ξ − iα~+ 4α2~2 ∂
∂ξ
+O(α3). (2.67)












X = ξ. (2.69)
Thus, the momentum and position operators P and X in quasi-position space
can be expressed in terms of multiplicative and differentiation operators ξ and
~
i
∂ξ ≡ pξ which obey the canonical commutation relations of usual quantum
mechanics. However, the Hilbert space of physical states we deal with is dif-
ferent to the usual quantum mechanics. For instance, the quasi-position wave-
function of physical states Fourier decompose into wavelength strictly larger
than a finite minimal wavelength, λ0 = 3
√
3α~. Finally, the scalar product of
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2.6 Classical Limit: Liouville Theorem and Den-
sity of States
Classically Liouville theorem is a fundamental theorem in classical statistical
and Hamiltonian mechanics. It asserts that the phase-space distribution func-
tion (density) of system points in the vicinity of a given system point traveling
through phase-space is constant along the trajectories of the system. Recall
from (2.11), the exact linear MCR(II) on commutative space that satisfies
Jacobi identity is given by
[Xi, Xj ] = [Pi, Pj ] = 0 (2.71)
[Xi, Pj ] = i~(1− α|P |)
[
δij − αPiPj|P |
]
≡ i~[F1(P )δij +G1(P )PiPj] (2.72)
where the functions F1(P ) := 1−α|P | and G1(P ) := α(α− 1/|P |) are defined
in (2.6), (2.7) for β1 = 0. From above, it suggests that we can treat the right
hand side of commutator ~eff = ~(1−α|P |)(δij −αPiPj/|P |) as a momentum-
dependent effective Planck constant. This modified Planck constant is smaller
than ~ as can be seen in one-dimensional subspace ~1Deff = ~(1 − α|P |)2 ≤ ~
since the norm of momentum |P | =√∑i PiP i and deformed parameter α are
always positive definite.
The standard interpretation of ~ is the quantity that determines the size
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of a quantum mechanical state in phase space. In the deformed case, we have
the scenario where the size of the quantum state must be scaled according
to F1(P ), G1(P ) as it evolves in phase space. By replacing commutator with
Poisson brackets12, we have
{xi, xj} = {pi, pj} = 0 (2.73)
1
i~




≡ F (p)δij +G(p)pipj (2.74)
whereby the Poisson bracket of arbitrary functions of the phase space variables
are defined as,











{xi, pj} . (2.75)
We assume commutativity of coordinate space here. The time evolutions of
the coordinates and momenta are governed by
x˙i := {xi, H} = {xi, pj} ∂H
∂pj
(2.76)
p˙i := {pi, H} = {pi, xj} ∂H
∂xj
(2.77)
12We are considering first linear order correction in ~, so the Poisson bracket machinery is
sufficient. In general, the commutator is related to deformation of Poisson bracket, namely
the Moyal brackect [82].
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and so for infinitesimal time evolutions δt, we have








The infinitesimal phase space volume (assumed we have D dimensional space)
after this infinitesimal time evolution generated by the Hamiltonian is
dDx′ dDp′ =
∣∣∣∣∂(x′1, ..., x′D, p′1, ..., p′D)∂(x1, ..., xD, p1, ..., pD)
∣∣∣∣ dDx dDp (2.80)

























Therefore up to O(δt), the Jacobian can be expressed as
∣∣∣∣∂(x′1, ..., x′D, p′1, ..., p′D)∂(x1, ..., xD, p1, ..., pD)
∣∣∣∣ = 1 + (∂x˙i∂xi + ∂p˙i∂pi
)
δt+ ... (2.83)
and since {xi, pj} is a function that purely depends on momenta, explicitly we
obtain
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In (2.84) we have made use of the change rule ∂pi = pi∂p/p and ∂pipi = η
i
i = D
where ηij is the metric of the space. On the other hand,
p′ =
√


































so the change of functions F (p) and G(p) is given by
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Therefore, both (2.85) and (2.87) can be used to represent the Jacobian for














is invariant under time evolution. We see that (2.89) is an analogue to the
famous Liouville’s theorem in classical statistics mechanics.
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therefore we can define the density of states in momentum space as
ρ(p) :=
1
(1− αp)(D+1) . (2.91)
The deformed density of states will play an important role on the black-
body radiation mode and cosmological constant problem. The classical limits





3.1 Deformed Harmonic Oscillator (DHO)
In this section we will study the one-dimensional harmonic oscillator under the
MCR (2.14) using analogous techniques used in [13,51,58]. Higher dimensional
extensions are discussed in Sect.(3.3). The result in this chapter was published
in [68].
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3.1.1 ρ Representation and Exact Results















It is useful to change variables from p to a new variable ρ in such a way that























The function p2(ρ) is determined by solving (3.2). Notice that the weight





For later comparison with our exact and semi-classical calculations, we
record here standard perturbative calculations of the energy shift for the prob-
lem defined by (2.16, 2.36). Such a calculation has been done for q = 4 in
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+ (q − 4)(En(0)2
]
+O(α3) , (3.5)
En(0) ≡ (n+ 1
2
)~ω . (3.6)
Notice that there is no O(α) correction: This vanishes because the unperturbed
states are parity eigenstates while the O(α) perturbing Hamiltonian is parity
odd [69,71].
q > 1 case:
For q > 1 we have
V (ρ) =









q − 1 arctan
1
1− q ,
with ρ1 ≤ ρ ≤ ρ2. The boundaries (ρ1, ρ2) are located where θ(ρ) = ±π/2.
Since we have a confining potential which approaches infinity at the bound-
aries, the spectrum will be entirely discrete and unbounded above [83]. As the
potential walls approximate an infinite well at high energies, large eigenvalues
will take the form En ∼ n2, a conclusion which we shall confirm using a semi-
classical analysis in Sect.(3.2). One may also use the perturbative results (3.5)
for moderate values of n, when the perturbation is small: The n dependence
of the energy shifts for q < 4 is negative. This later trend will also be seen in
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more generality in the semi-classical analysis in the next section.
Thus for q > 1 though the spectrum is deformed from that of the usual
α = 0 oscillator, particularly at large energies, it is still purely discrete and
unbounded above. The situation will be quite different for q ≤ 1 as we shall
soon see.
We will refer to (3.3) as the “ρ-representation” of the Schro¨dinger equation;
it is actually a Fourier transform of the alternative representation of the alge-
bra in which one takes X = x as a c-number (see Sect.(4.1), [84]). Although
such a representation has been used before to solve the Schro¨dinger equation
with MCR’s, see for example [51,58,74], it is useful to note that much informa-
tion about the deformed spectrum may be obtained simply by analyzing the
potential V (ρ), and then appealing to standard results for the conventional
Schro¨dinger equation [83]. We will illustrate this further below.
q = 0 case:
For q = 0 we have the intrinsic momentum cut-off p < 1/(2α). Proceeding
as in the previous section, the Schro¨dinger equation in the ρ- representation,







Ψ(ρ) = ǫ Ψ(ρ) .
where
V (ρ) ≡ (1− e
ρ)2
δ4
, −∞ < ρ <∞ , (3.7)
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and the parameters are
δ = 2
√










Figure 3.1: The effective potential for V (ρ). The potential tends to 1
δ4
when
ρ→ −∞. We set δ = 0.01.
The potential has one minimum, V (ρ = 0) = 0, approaches positive infinity
as ρ→∞ and approaches 1/δ4 as ρ→ −∞. Thus the bound state spectrum
has a maximum energy limited by the depth of the well, ǫmax ≤ 1/δ4, which
translates to Emax ≤ 1/(8mα2). The total number of bound states below an
energy E is approximately proportional to the integral [83]
∫ √
E − V (ρ) dρ (3.9)
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evaluated between the classical turning points; it essentially counts the number
of half-de-Broglie wavelengths that can fit at energy level E. Since the potential
well in (3.7) approaches the ρ → −∞ asymptote exponentially, the integral
is finite for E at the top of the well and hence the number of bound states
supported by the well is finite.
Although the bound state spectrum terminates at finite energy, there are
still continuum states of higher energies: The momentum cut-off p < 1/(2α)
does not imply that all energies are bounded! This conclusion is manifested
in the ρ-representation of the Schro¨dinger equation and illustrates again its
utility (See also Eqs.(3.10-3.13) below).
In summary, the spectrum for the q = 0, α-deformed oscillator is dramati-
cally different from the usual α = 0 case: The present spectrum consists of a
finite number of bound states followed by a continuum.
We proceed now to determine the bound state energies and wavefunctions
explicitly. As the procedure to solve equations such as (3.3) is standard [85] we
will outline the main steps (see Appendix (B) for details). First, an asymptotic
analysis identifies the dominant behavior of square-integrable solutions at the
two ends, and then one uses an ansatz for the wavefunctions which includes





eρ ; 0 < ξ <∞ , (3.10)
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2k + 1− ξ
)∂f(ξ)
∂ξ
+ n˜f(ξ) = 0. (3.14)
The positivity requirement on k comes from the square-integrability condition
at ξ = 0 (ρ = −∞) and we see that it implies an upper bound on the bound
state energies identical to what was deduced earlier from the depth of the
potential well,
En ≤ Emax = 1
8mα2
. (3.15)
Equation (3.14) has two singularities, a regular singular point at ξ = 0 and
an essential singularity at ξ = ∞. The function f(ξ) may be expanded in a
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The indicial equation that follows is
s(s+ 2k) = 0 .
The solution with s = −2k is not square-integrable at ξ = 0 and is discarded.
The remaining s = 0 case leads to an infinite series which must be truncated
as its growth would be exponential and lead to a non-normalizable solution
(at ξ =∞). Truncation leads to the quantization condition
n˜ = n, n = 0, 1, 2...














If nmax is not an integer then the largest bound state realized is for an integer
less than or equal to the value indicated. In fact En in (3.16) is a monotonically
increasing function of n, reaching a stationary point at an integer near nmax
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where E = Emax (3.15) is attained, see Fig.(3.2).
N HmaxL = 49
(n+1/2)









Figure 3.2: The discrete spectrum for the q = 0 oscillator. For this and the
subsequent figures in this chapter α = 0.1 and 2m = ~ω = 1. The straight
line corresponds to α = 0.
The exact bound state spectrum for q = 0 has only an α2 correction, which
matches the leading order perturbative result (3.5). Remarkably, as we will
shall see in next section, a leading order semi-classical analysis also reproduces
the exact spectrum1.
1It turns out that (3.7) is simply the Morse potential, while for the q = 1 case the problem
is similar to the radial Schro¨dinger equation for a Coulomb potential with centrifugal barrier.
Thus it appears that the deformed harmonic oscillator with MCR (2.14) is related to some
solvable potentials in ordinary quantum mechanics. This link can perhaps be explored using
the methods of SUSY quantum mechanics as in Refs. [87].
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3.1.2 Expectation Values and Uncertainties






2kn + 1− ξ
)∂f(ξ)
∂ξ
+ nf(ξ) = 0; n ∋ Z+. (3.18)





Γ(2kn + n+ 1)
exp(−ξ/2)ξknL2knn (ξ) . (3.19)
Note that due to the deformation, the index kn is in general no longer an




− (n+ 1/2) , (3.20)
which makes the wavefunctions non-analytic at ξ = 0, that is near p = pmax.
The various expectation values in an eigenstate n may now be evaluated ex-
actly. We obtain







〈P 〉 = 2mαEn(0) ,
〈P 2〉 = mEn(0). (3.21)
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In the limit





we have 〈P 〉 → 1/(2α), which is precisely the momentum cut-off the q = 0
theory.
The mean potential and kinetic energies of a state n,






〈T 〉 = En(0)
2
,
sum to the full energy but their difference shows a clear deviation from the






























The position and momentum uncertainties, and their product, increase
with n up to n ≈ nmax/2 and then decline, vanishing at n = nmax if nmax is an
integer. This trend should be contrasted to the usual α = 0 harmonic oscillator
when the same quantities increase linearly with n. (If nmax is not an integer
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then (3.23) reaches the limit (δnmax)~ where δnmax is the deviation of nmax from
the largest integer smaller than or equal to nmax.). Thus the upper most bound
states appear to have classical characteristics, as might have been anticipated
also from the commutator (2.14) which vanishes at p = pmax = 1/(2α).
Let us look at how the wavefunctions behave as the quantum number in-
creases. For small α and small n, 〈P 〉 ∼ 0 as in usual quantum mechanics since
the wavefunction does not feel the effects of a maximum momentum, leading
to (∆P )2 ∼ 〈P 2〉. Fig.(3.3) shows the probability density for the n = 10
state which is already slightly asymmetrical, with the highest peak closer to
p = pmax (which corresponds to the variable ξ = 0). Notice the n = 10 state
has ten nodes as expected [83].
n = 10







Figure 3.3: The probability density for q = 0, n = 10. The horizontal axis is
ξ = 2(1 − 2αP )/δ2. ξ = 0 corresponds to p = pmax = 1/(2α) while ξ = ∞
corresponds to p = −∞.
93
Ch 3– Schro¨dinger Equation and Semi-Classical Analysis
As n increases, there are more nodes and peaks but the dominant peak
moves towards ξ = 0 (p = pmax). Furthermore the ratio of heights of the
dominant peak to the other peaks increases. Figs.(3.4, 3.5) show the upper
and lower end of the probability density for the upper-most state n = 49;
note the different scales in the two figures, and also the scale in Fig.(3.3).
(Also note that the effects of the measure ∼ ∫ dξ
ξ
will accentuate the difference
between the dominant and other peaks). For large n ∼ nmax ∼ 1/α2 there is
one dominant sharp peak near pmax, leading to 〈P 〉2 ∼ 〈P 2〉 ∼ p2max and thus
∆P ≈ 0.
n = 49; lowerΞ









Figure 3.4: The high-momentum p (low ξ) end of the probability density for
q = 0, n = 49. The horizontal axis in this and the Fig(3.5) has the same label
as in Fig.(3.3). However note the different scales in Figs.(3.3-3.5).
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n = 49; higherΞ








Figure 3.5: The low-momentum p (high ξ) end of the probability density for
q = 0, n = 49.
q = 1 case:
The q = 1 case corresponds to the exactly realized MCR. We have the intrinsic







Ψ(ρ) = ǫ Ψ(ρ) .
with
V (ρ) ≡ (1− 1/ρ)
2
δ41
, 0 < ρ <∞ , (3.24)
and the parameters are
δ1 =
√
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The potential has one minimum, V (ρ = 1) = 0, approaches positive infinity
as ρ → 0 and approaches 1/δ41 as ρ → ∞. The bound state spectrum again
terminates at finite energy, limited by the depth of the well, ǫmax ≤ 1/δ41, which
translates to Emax ≤ 1/(2mα2). Since the potential flattens out slowly, the
integral in (3.9) now diverges and so, in contrast to the q = 0 case, the total
number of bound states supported by the finite-depth well is infinite.






















The energies reach Emax as n→∞ where they match the semi-classical result
given in Appendix (C). The leading α2 correction agrees with perturbative
calculations (3.5) and differs from the semi-classical result (3.45) by a constant.
Defining













(n+ a˜) Γ[n+ 2a˜]
e−η/2ηa˜L(2a˜−1)n (η). (3.28)
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The exact expectation values in an eigenstate n, and their leading order












































































= (n+ 1/2)m~ω −
[








where we have denoted δ˜1 := δ
4
1 + 4. At the end of the bound state spectrum,
n→∞, we see that 〈P 〉 → 1/α, the intrinsic momentum cut-off of the theory.
Using the above expressions one may verify that the kinetic and potential
energies add to En and that
〈V 〉








Ch 3– Schro¨dinger Equation and Semi-Classical Analysis
is the deviation from usual Virial theorem. The momentum and position un-




















= (n+ 1/2)− 1
2
[
















= (n+ 1/2)− 1
4






























The leading order expressions for the uncertainties, which have also been in-
dicated above, show that they are smaller than the α = 0 case. The exact
expressions are plotted Figs.(3.6 - 3.8). As for the q = 0 case they increase up
to some value n ∼ O(1/(m~ωα2)) after which they decline, vanishing at the
end of the bound state spectrum, n = ∞, as one may verify from the exact
expressions.
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Figure 3.6: The position uncertainty for the q = 1 oscillator.






DP H mÑ Ω L
Figure 3.7: The momentum uncertainty for the q = 1 oscillator.
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Figure 3.8: The Modified Uncertainty Principle (MUP) for the q = 1 oscillator.
3.1.3 Discussion: Role of Maximum Momentum
In usual quantum mechanics with a symmetrical potential in one dimension,
〈P 〉 = 0 for eigenstates as a result of their parity. For large n, the momentum-
space probability density will have two large peaks at p ∼ ±√2mEn, giving a
large value for (∆P )2 = 〈P 2〉, with the distance between the peaks increasing
with n.
However in a MCR(II) quantum mechanics with an intrinsic maximum
momentum the situation is different. We saw in above cases where, due to the
parity non-invariance of the MCR, there is one pmax > 0 which causes large n
bound states to accumulate there leading to ∆P ≈ 0.
If the intrinsic maximum momentum is realized symmetrically in a MCR
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quantum mechanics, then large n bound states should have two dominant
peaks at ±pmax. By parity the eigenstates will have 〈P 〉 = 0. However consider
a superposition φ1+λφ2 of two bound states of opposite parity and essentially
same energy near the top end of the deformed discrete spectrum: They will
have same size dominant peaks and so for the superposition 〈P 〉2 ≈ 4λ2p2max
while 〈P 2〉 ≈ (1 + λ2)p2max leading to (∆P )2/〈P 2〉 ≈ 0 for suitable λ. (If the
superposed states do not have exactly the same energy then there will be very
slow dispersion.)
As for the value of ∆X when ∆P = 0, a consistent possibility is zero when
[X,P ] = 0, leading to a seemingly classical phase; but if the commutator di-
verges because of a pole realized maximum momentum, then ∆X must diverge
too, leading to some new “super” quantum phase.
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3.2 Semi-Classical Analysis and Other Poten-
tials
In usual quantum mechanics, the Sommerfeld-Wilson semi-classical quantiza-
tion rule, the leading part of a ~ expansion, accurately describes the high-
energy bound state spectrum with relatively little effort. Such a semi-classical
approach has been also been used for deformed quantum mechanics of the type
(1.41) [58, 88] and the results have been shown to be in very good agreement
with exact solutions for various cases.
In the following, we adopt the semi-classical approach to determine the
bound state energies of one-dimensional potentials under the deformation (2.16).
(A detailed explanation and justification of the semi-classical approximation
in the case of deformed quantum mechanics is in Sect.(3.3), see also [88]).
3.2.1 Harmonic Oscillator
From the representation in (2.24) and (2.25), the semi-classical energy can be






















(1− 2αp+ qα2p2] , (3.35)
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with z ≡ √2mEsc > 0. Notice from (3.34) that Esc > 0 by construction.
























1− 2αzy + qα2z2y2]dy (3.38)
where ±z are the classical turning points in the first integral. The second
integral was obtained by scaling, p = zy.
The integral (3.38) may be evaluated exactly and is discussed in Appendix
(C); in particular the results for q = 0 are identical to those obtained by
solving the Schro¨dinger equation! Here however we would like to illustrate
a procedure for isolating the leading correction to the bound state energies
due to the deformation parameter α. Such an approximate evaluation will be
useful later when we extend the discussion to other potentials in subsequent
sections.
Notice that in the semi-classical expression (3.38) the effects of the defor-
mation reside solely in the weight factor 1/f . As discussed earlier, for q < 1,
f(p) has real zeros and hence for the integrals to be well-defined, a cut-off must
be imposed on the momenta so that poles of 1/f are outside the integration
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limit in (3.37). This implies a restriction on the upper limit of integration z,
and hence since z =
√
2mE, a maximum energy to the bound state spectrum;
for q = 0, 2αz < 1 and for q = 1, αz < 1. For q > 1 there is no restriction.
Now for αz ≪ 1 we may expand
1
f(p)
= 1 + 2αzy + (4− q)α2z2y2 +O(αz)3 . (3.39)




x dp = z2[I01 + (4− q)(αz)2I11] (3.40)












B(a, b) being the usual Beta function.
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(n+ 1/2) = ~ω(n+ 1/2) . (3.44)
Thus the energy shifts for αz ≪ 1 and n large,










are negative for q < 4, which includes the case q = 1 corresponding to the
exactly realized MCR (2.11). One can check that this expression agrees with
the O(α2) terms of the exact expressions in Sect.(3.1), bearing in mind that
the semi-classical evaluation (at leading order in the ~ expansion) is expected
to hold for large n (and so, for example, terms independent of n might not
show up fully). The expression (3.45) may also be obtained after an exact
evaluation of the integral (3.38), see Appendix (C).
It is worth to mention the semi-classical energy shift of the q = 0 SHO
under the parity invariance MCR (2.13) for comparison. We have the phase-
space area in the Sommerfeld-Wilson quantization rule
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⇒ z2 ≈ 2m~ω(n+ 1/2)(1− 8αz/(3π)). (3.47)








Note that we have negative shift in bound state energy similar to the parity
non-invariance MCR case and thus further justified the use of the latter as
the toy model to study the effect of intrinsic maximum momentum on the
quantum mechanical systems.
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3.2.2 Power Law Potentials
We can easily extend the semi-classical analysis to symmetrical power law





where 0 < σ < ∞ and λ is constant independent of X. For instance, σ = 1
and λ = (mω)2 for the harmonic oscillator2.
As before,
z2 = 2mEscp = P 2 + λX2σ
and so
X = λ−1/2σ(z2 − p2)1/2σ (3.50)
from which the canonical coordinate x = X/f follows. The rest of the steps
are identical to those discussed for the harmonic oscillator so we simply present
the result. For αz ≪ 1 and large n,











∝ −(4− q)Escpn(0) , (3.52)
2The σ → ∞ limit corresponds to the infinite well which will be discussed in detail in
Sect(4.3-4.4).
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Notice that for all power law potentials (3.49), the leading O(α2) correction
to the energy at large n is negative for q < 4.
The expression (3.51) holds for αz ≪ 1. One may also evaluate the semi-




(1− αzy)2 + (q − 1)(αzy)2dy . (3.54)
For y 6= 0 and αz ≫ 1 the integral is of order 1/(αz)2. In order to isolate
the contribution near y = 0, write the numerator of the integrand (∗) as
[(∗) − 1] + 1 and split the integral into two pieces. The first integral is now
“safe” at y = 0 and gives a O(1/(αz)2) contribution. In the second integral
scale y → y/(√q − 1αz) for q > 1 and take αz ≫ 1 to get ∼ 1/(√q − 1αz).
Hence the semi-classical quantization gives for q > 1 and αz ≫ 1
Escp ∼ (
√
q − 1αn)2σ . (3.55)
This result (3.55) may also be obtained by evaluating the integrals exactly
and taking limits, see Appendix (C). Notice that for the harmonic oscillator,
σ = 1, the large n eigenvalues for q > 1 approach the infinite well form.
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3.2.3 Comparison with String-Motivated MCR(I) and
Other MCR’s
As mentioned earlier, the MCR(I) (1.41) has been used to solve exactly for
the spectrum of some one dimensional problems. In order to uncover general
trends, we can use a semi-classical analysis as in the last section to study again
power law potentials of the form (3.49) but for the MCR(I) (1.41). Since β > 0,
for large n but βz2 ≪ 1 it is easy, by examining the weight factor, to deduce
that the energy correction is now always positive,
∆Escn ∝ +β(Escpn(0))2 , (3.56)
while for βz2 ≫ 1 the energy is similar to (3.55) but with α√q − 1 replaced by
√
β. (Alternatively, as mentioned after Eq.(2.14), the string MCR(I) results
may also be obtained by taking α → 0 and qα2 → β in the results of the
previous section.)
In other words, for the string-theory motivated MCR (1.41) our semi-
classical analysis suggests that for power law potentials the deformed energy
spectrum lies above the undeformed case. This is consistent with the exact
solution for the harmonic oscillator and infinite wells in [58]. By contrast, the
MCR’s (2.14) with q < 4 give negative energy corrections at intermediate en-
ergies.
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Other MCR’s Models:
There is no fundamental reason to limit oneself to quadratic momentum
terms on the right-hand-side of relations such as (1.41,2.14). One interesting
proposal [73] is
[X,P ] = i~f˜(p) (3.57)
with f˜ = 1/(1− βP 2) which for small βP 2 agrees with (1.41) but through the
pole at P = 1/β suggests a maximum intrinsic momentum. A semi-classical
analysis for the harmonic oscillator in Ref. [73] showed the existence of a
maximum bound state energy.
We wish to show here, again by means of a semi-classical analysis, that
a maximum bound state energy due to the MCR (3.57) is suggested for all
power law. Using similar notation as before, we obtain
(n+ 1/2)h = z1+1/σ
∫ 1
−1
(1− y2) 12σ (1− βz2y2)dy
≡ z1+1/σ(c1σ − βc2σz2) (3.58)
where c1σ, c2σ are positive constants, and where we have suppressed some other
positive constants. Note that unlike the analysis in previous sections, the
second term on the right in Eq.(3.58) is complete rather than a leading term of
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a β expansion3. Clearly then, if the energy (E ∼ z2) were to increase without
bound the right-hand-side of (3.58) would become negative in contradiction
to the left side which is always positive. Thus we conclude that there is a
maximum energy in the bound state spectra of all power law potentials with the
MCR (3.57). Since the maximum z is clearly O(β−1/2), the maximum energy is
O(1/β) and the maximum number of bound states is nmax ∼ O(1/β(1+1/σ)/2).
Other examples of MCR’s which involve a momentum cut-off are f˜ =
1 − βP 2 [74] or f˜ =
√
1− βP 2 [76]. In a semi-classical analysis these result
in a pole in the weight factor and thus a maximum energy to the bound state
spectrum.
3.2.4 Concave Potentials and Relativistic Dispersion
Given the results for power law potentials, it is intuitively reasonable to ex-
pect that similar conclusions hold for more general concave potentials in one
dimension. Recall that in the semi-classical limit, it is the weight factor 1/f(p)
in the integrals which is solely responsible for the deformation.
Consider a symmetric concave potential, V (x) = V (−x), V (0) = 0 such
that for x > 0, V (x2) > V (x1) if x2 > x1. For x > 0 define the inverse function
U by U(V (x)) = x; for example for V (x) = x2, U(y) =
√
y. For brevity, we
choose the mass normalization here such that 2m = 1. Then the integral in
3Of course being a leading semi-classical result, it is still not the same as the exact energy
expression.
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(3.37) is replaced by







For αz ≪ 1 we expand the denominator as before, giving
J(α, q, z) = J(0, q, z) + (4− q)α2J1(z) +O(α4) .
where the integrals J(0, q, z), J1(z) > 0. Thus for large n and up to O(α
2), the
semi-classical quantization condition can be written
Escc = z2 ∼ nh
J(0, q, z)/z2
(




This equation may be solved (implicitly) by iteration about α = 0 giving
Esccn ∼ Esccn(0)
(




where Esccn(0) = z
2
0 is the unperturbed semi-classical energy obtained by solving
nh = J(0, q, z0). As before the energy correction is negative for q < 4 and a
similar analysis easily shows that the string-motivated MCR (1.41) still gives
a positive correction for general concave potentials.
Hence, a result of Sections (3.2.1 - 3.2.2) comparing the MCR’s (1.41,2.14)
for power law potentials holds more generally for symmetric concave potentials:
For intermediate energies, (2.14) gives a negative energy correction for q < 4
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whereas the string theory motivated MCR(I) gives a positive correction.
Likewise, the expression (3.58) is easily generalized for symmetric concave
potentials, again implying a maximum energy for the MCR (3.57).
So far our discussion has been for the non-relativistic dispersion relation
E = P 2+V (X). If the energies are so large that one is in the relativistic regime




p2 +m2 + V . (3.60)
We assume that the particles only interact through a potential V which is
weak, |V | < 2m, and slowly varying over the scale of the particle’s Compton
wavelength. Then pair production is not enabled and multi-particle effects can
be ignored. The use of (3.60) in previous semi-classical integrals changes the
magnitude of energy shifts due to the deformation but not their sign which is
determined by the weight factor. Some explicit relativistic calculations with
MCR’s of the type (1.41, A.16) are in [56, 70].
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3.3 Higher Dimensions
In D−dimensional space, the momentum space representation of the algebra
(2.3,2.11) is
Pi = pi (3.61)










Hermiticity of Xi now requires the weight factor (1−αp)−(D+1) in momentum
integrals such as (2.26). This is consistent with the deformed phase space
density (2.91) in classical Liouville theorem that we considered in Sect.(2.5).
3.3.1 Isotropic Oscillator and Power Law Potentials in
Semi-Classical Limit
Consider the X2ψ(p) term in the momentum space Schro¨dinger equation,










repeated indices being summed. We wish to solve the equation in the WKB
limit, ~ → 0 [85]. Write as usual ψ(p) = exp (−iW (p)/~) with W (p) =
W0(p)+~W1(p)+... in a ~ expansion. Since X
2 comes with the (~)2 piece, thus
derivatives acting on the wavefunction must pull down at least 1/~2 factors
for the net contribution to survive the ~ → 0 limit. This means that each
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We shall further restrict our attention to states without angular depen-
dence, the S-states. For such wavefunctions,
pi∂iW (p) = p∂pW (p)
and so
X2ψ(p)→ (1− αp)4(∂pW )2ψ(p) .
The time-independent Schro¨dinger equation for the harmonic oscillator is thus







(1− αp)4(∂pW )2 . (3.63)
From here one may, although we will not, proceed with a standard WKB




n+ γ)h; n = 0, 1, 2, 3.... (3.64)
where γ is a constant which depends on boundary conditions (and thus also
on space dimension D).
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We will instead motivate the quantization condition through the correspon-










One can identify χ by considering the limit α → 0 whereby it is clear that χ
is x, the canonical classical space coordinate. As is well known [83] for α = 0,




p dx is an adiabatic invariant for bounded
orbits in the classical theory, and is thus naturally identified with stationary







; n = 1, 2, 3.... (3.65)
For α 6= 0, ∮ x dp will be an adiabatic invariant of the deformed classical
dynamics and (3.65) is then the semi-classical quantization condition in the
deformed quantum theory. (Indeed, as the canonical relation [x, p] = i~ goes
over to the Poisson bracket, the deformed commutator [X,P ] goes over into
the deformed Poisson bracket).
Recall the physical meaning of (3.65) in the quantum theory: It counts
the number of half-deBroglie wavelengths that fit into the potential well at a
particular energy. The difference between (3.64) and (3.65) is that the former
takes into account quantum “leakage” at the ends. This difference is immate-
rial at large n which we focus on here.
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Thus for the S-states of the D-dimensional isotropic oscillator, the semi-









which should be compared to the one-dimensional oscillator relation (3.37):
The weight measure is precisely that for one-dimension, and not theD-dimensional
weight mentioned after Eq.(3.62). The intrinsic momentum cut-off p < 1/α is
also implied.
However note that the coordinate p here is the radial momentum coordinate
and so the lower limit of the integral is zero as opposed to the one-dimensional
case where p was on the open line. Recalling the discussion following Eq.(3.39),
this means that for this higher dimensional oscillator the leading correction will
be O(−α) and will be negative for α > 0. Next, a generalization to S-states





is straightforward in the semi-classical limit as
X2σψ(p) = (X2)σψ(p)→ [(1− αp)4(∂pW )2]σψ(p) .
The rest of the discussion is as in the previous subsection, with expressions
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similar to the one dimensional case, for example (3.50), but with q = 1 and
the lower limit of the integral being zero. The leading correction is again
O(−α) < 0 for α > 0. Although our discussion so far has been for the exact
MCR (2.11), the conclusion holds for the class of MCR’s (2.12) since they
share the same leading O(−α) term.
3.3.2 Discussion
To check the accuracy of the semiclassical analysis above, we apply it to the
D-dimensional version of the string-motivated algebra Eq.(1.41), [13, 51],








[Xi, Xj ] = i~
(2β − β ′) + (2β + β ′)βP 2
1 + βP 2
(PiXj − PjXi) , (3.68)
[Pi, Pj ] = 0, (3.69)
which is realized in momentum space by
Pi = pi










We note in passing that for β = 0 (1.50) is the non-relativistic version of
Snyder’s algebra [52].
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In the WKB limit, one finds that for S-states,
X2ψ(p)→ [(1 + (β + β ′)p2]2(∂pW )2ψ(p)
and hence for the D-dimensional oscillator the expression is simply (3.66) but
with the weight factor replaced by (1 + (β + β
′







2 +O(β + β
′
)2 (3.70)
which agrees at large n and leading order with the exact expressions in Ref.
[13,51]. The correction (3.70) is positive since β + β
′
> 0 is typically assumed
for the MCR (1.50) in order to reproduce a minimum position uncertainty [13].
The generalization to isotropic power law potentials again essentially in-
volves replacing the weight factor in previous one-dimensional results; the net





Scattering and Bound States
In this section we will study the quantum scattering and bound states under the
deformed MCR (II) (2.14). Comparison with various MCRs and undeformed
quantum mechanics are discussed. The result in this chapter was published
in [90]. We set ~ = 2m = 1 in this chapter for brevity.
4.1 Position Representation
The study of Eq.(2.16) in most of the literature, i.e. Ref. [68, 69, 71] and
Sect.(3) used the momentum representation P = p, X = X(p) where p is the
usual canonical momentum satisfying the normal Heisenberg algebra [x, p] = i.
However the discussion of certain problems, such as scattering from a barrier
or a particle in a square-well to be discussed in this chapter, is much easier in
the position representation
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X = x ; P = P (p) , (4.1)
p = −i ∂
∂x
, (4.2)
where the functional form of the operator P (p) will be determined exactly in
the following.
In this section, we will focus on cases q ≤ 1 in (2.15) which show maximum






1− 2αF + qα2F 2) (4.3)
which is easily integrated. However as the expression for general q is cumber-
some, we exhibit below the results for only some specific q’s.




(1− e−2αp) , (4.4)





as one can also verify by direct substitution in (2.16). Note that both P and
1Since for q ≤ 1 there is no minimum position uncertainty, there are no related conceptual
problems in considering sharp boundaries in the problems subsequently.
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p are operators which appear in the commutation relations (4.1 - 4.2). If one
takes the Fourier transform of P in (4.4) or (4.5) then one ends up with the
“ρ-representation” that we discussed in Sect.(3.1) and Ref. [68].
4.1.1 Low Momentum Expansion
Except for the Snyder limit [58], previous studies [55, 69, 70] of the position
representation for the class (2.2) mostly have used truncated low-momentum
expansions of the form
P = p(1− 2αp+O(p2) ) (4.6)
in which one interprets P as the physical momentum operator while p is its
“low-energy” approximation. While such an approach is adequate for many
practical situations, it has a number of limitations.
For example, as mentioned in Sect.(3), an expansion of the form (4.6)
cannot uncover the precise effects of an intrinsic maximum momentum which
occurs at P ∼ 1/α. Indeed, even if there is no maximum momentum, as when
q > 1, the reliability of an expansion such as (4.6) requires that successive
terms do not exceed previous terms so that a truncation gives accurate ap-
proximations. So, comparing the first two terms in (4.6), we need at least
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|2αp2/p| < 1, that is2
|p| < 1/(2α) , (4.7)
though, for better accuracy, it is usual to require the stronger condition whereby
“<” in the last inequality is replaced by “≪”. As discussed in the Appendix
(D), serious errors may arise (in terms of spurious solutions) if one forgets to
implement the constraint (4.7) when using the truncation (4.6).
For general q, by writing P =
∑
n=1 anp
n and substituting in (2.16) we
obtain the low-momentum expansions
P = p
(





P 2 = p2
(





valid for αp≪ 1. It is interesting to note that for q = −7/2 the Hamiltonian
for a free particle (set 2m = 1), H = P 2, takes the form of H = p2(1 −
2αp + O(αp)3) with no term of order α2; we will use this fact to simplify our
calculations in Sect.(4.4).
2Here, p will be interpreted as constraints on either the eigen or mean values and not
momentum uncertainty.
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4.2 Plane Wave Solution
As a first application of the position representation, we discuss the free par-
ticle states. Since the momentum operator P (p) commutes with p, we may
choose its eigenstates to be the plane waves eikx. We assume, as is usually the
case, that P is the physical momentum operator and so its eigenvalues λp are
required to be real3,
Peikx = λpe
ikx , (4.10)
which implies that λp =
1
2α
(1−e−2αk) for q = 0. Similarly for q = 1, λp = k1+αk .
We see that k must be real if λp is real.
4.2.1 Free Particles
Since the Hamiltonian H = P 2 for a free particle commutes with the momen-
tum operator P , the plane waves are simultaneously energy eigenstates. The







3We use k to denote the c-number wavevector and reserve the letters P (deformed) and
p (low energy) for the operators.
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and hence the eigenstates are given by
ψ1(x) = e















Now, since plane waves are momentum eigenstates, so Eq.(2.16) implies [68]
that for q = 0, Pmax = λp(max) < 1/(2α), which implies from Eqs.(4.10 - 4.11)
that 0 <
√
E < 1/(2α). Hence in Eqs.(4.13-4.14), −(ln 2)/2α < k1 < 0 and
0 < k2 <∞.

















1− α√E . (4.17)
Since for q = 1, Pmax = 1/(α), so (4.15) implies 0 <
√
E < 1/α and in Eqs.(4.16
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- 4.17) the range is −1/(2α) < k1 < 0 and 0 < k2 <∞. Note that the domain
of wave numbers (k1, k2) are different and k1 is not proportional to k2.
Although in a series expansion, the Hamiltonian H(X,P ) is a differential
operator of infinite order, it is still linear. Hence the general free particle
solution is given by the superposition
ψ(x) = Aeik1x + Beik2x . (4.18)
We remark that the limits on energies of pure plane waves (momentum
eigenstates) mentioned above will not be implemented when we use a super-
position of plane wave solutions in later sections, for example for the infinite
well. In those latter cases the constraints on the discrete spectrum energies
nonetheless arise.
4.2.2 Snyder (Stringy) and Anti-Snyder MCR’s
To ease the later comparison with the results of (2.2), here we discuss the
MCR’s of the form
[X,P ] = i
(
1± βP 2) (4.19)
with β > 0. The upper sign corresponds to the string-motivated Snyder case
studied in [13,52] while the lower sign is the Anti-Snyder case of Ref. [74] which
exhibits a maximum momentum.
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The momentum operator in the coordinate representation X = x for the













The free-particle wavevectors are












It is noted that one may obtain the Anti-Snyder results from the Snyder
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4.3 Particle in a Quantum Well
In this section we use the position representation to solve exactly for the spec-
trum of the infinite well with walls at x = [0, L]. Using (4.18) and imposing the
usual vanishing of the wavefunction at the boundaries gives the quantization
condition
k2 − k1 = 2nπ
L
, (4.24)




(eik1x − eik2x) . (4.25)

























which agrees with a semi-classical evaluation in Ref. [68, 90] and Sect.(3.2).
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where α˜ := 2πα~/L and again (4.28) is consistent with the semi-classical





1− n2α˜2/2)+O(α˜4) . (4.29)
Notice that as n → ∞, the energies in (4.26, 4.28) attain finite values. Thus
unlike usual quantum mechanics, the bound state energies are limited above,
just as we found for the harmonic oscillator in Sect.(3.1).
In the deformed quantum theory with MCR(II) (2.16) the Hamiltonian
is a differential operator of infinite order. One may understand the severe
departure of the spectrum from usual quantum theory by re-writing H =
p2 + (P 2 − p2) and interpret this as the Hamiltonian of usual quantum me-
chanics but with a momentum dependent potential V (P ) = P 2− p2. The mo-
mentum dependence is not small (perturbative) for large momentum states,
thus causing a strong deformation of the spectrum.
By comparison, for the Snyder/Anti-Snyder cases it is easily shown that
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which also agree perfectly with the corresponding semi-classical results [90].
The leading order terms in a β-expansion of these expressions also agree with
standard perturbation theory as one may verify. Notice that the energies are
limited above for the Anti-Snyder case but not for the Snyder case.
4.3.1 The Infinite Well as The Limit of A Concave Well
Consider the power-law potential






where 0 < σ <∞, and L, ǫ are positive parameters. As σ →∞ the potential
describes an infinite well of width L. It is convenient in this case to study
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the problem in the momentum representation (2.24), (2.25) which allows us to
treat the infinite well as a limit of other smooth potentials. Let us consider
the semi-classical approach to obtain the energy spectrum for larger n values.
Defining
z2 = Esc = P 2 + ǫ(2X/L)2σ ,
gives
X = (L/2)ǫ−1/2σ(z2 − p2)1/2σ (4.33)
from which the canonical coordinate x = X/f follows [68].
The area of phase-space in the Sommerfeld-Wilson quantization rule is
given by
∮





with n integral; the constant γ is determined by the boundary conditions.
Explicitly
∮




(1− 2αp+ qα2p2)dp (4.35)
where ±z are the classical turning points. In Ref. [68] we discussed the integral
(4.35) perturbatively in α. Here we evaluate the integral exactly in the limit
131
Ch 4– Scattering and Bound States
σ →∞. Since in that limit one approaches the hard boundary of the infinite







(1− 2αp+ qα2p2)dp. (4.36)
The integral on the right is easily evaluated and the final results for the semi-
classical energy agree with the exact results displayed in Sect(4.3). For the
Snyder/Anti-Snyder cases, one can simply set α→ 0 and qα2 → ±β, obtaining
again semi-classical expressions that agree with the exact results. One may also






4.3.2 Expectation Values and Uncertainties
Let us examine the effects of maximum intrinsic momentum on the uncertainty
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which are the same as in the undeformed, α = 0 case. The uncertainty in







For the momentum operators we find
〈P 〉 = 0 ,


























As for the uncertainty in position, ∆P increases monotonically with n, reaching
its maximum at (∆P )n→∞ = 1/α. Thus the product of the uncertainty of























The vanishing of 〈P 〉 for the infinite well is different from the situation
encountered for the harmonic oscillator in Sect.(3.1). This leads to other dif-
ferences: For the q = 1 harmonic oscillator, the uncertainties vanish at the top
of the bound state spectrum, corresponding to P = Pmax and the vanishing
of the MCR, suggesting classical characteristics. However we see that for the
q = 1 infinite well the uncertainties do not vanish at the top of the bound state
spectrum.
For comparison, let us consider now the Anti-Snyder case. The values for
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〈X〉 and 〈X2〉 are the same as for undeformed quantum mechanics and hence
the same as the q = 1 case above. For the momentum operator










∆P increases with states n and reaches its maximum (∆P )n→∞ = 1/
√
β. The

















It too does not vanish at the top of the bound state spectrum. We see that
both q = 1 MCR and Anti-Snyder produce the same physical features for
bound states. Hence, the recovering of classical characteristic at the top of
bound states spectrum depends on the boundary condition and potentials.
4.3.3 Orthogonality
It is easy to verify that for α 6= 0, the eigenstates for different n (4.25) corre-
sponding to the infinite well problem above are not orthogonal! This is related
to the fact that though the eigenvalues of H = P 2 are real, H is not Hermitian4
4We are using common physics terminology here. More precisely, the Hamiltonian is not
“symmetric”; a stronger condition of self-adjointness is also often discussed. See [13,73].
134
Ch 4– Scattering and Bound States
on the space of eigenstates: That is, except for m = n,
〈n|H|m〉 6= 〈m|H|n〉∗ . (4.40)
Note that since we are using coordinate representation, the inner product in




dx. One must take into account this non-Hermiticity when using
standard perturbation theory5 for this problem [72,90].
Though the Dirichlet boundary conditions lead to a non-Hermitian Hamil-
tonian for the MCR(II) (2.16), the boundary conditions may be motivated
thorough a physical limiting procedure as follows: For a general finite smooth
potential V the Schro¨dinger equation implies
ψ =
(E − P 2)ψ
V
. (4.41)
For finite E and as V → ∞, we find ψ → 0 as long as P 2ψ remains fi-
nite. Furthermore, as one has real energies which interpolate smoothly to the
α→ 0 case despite the non-Hermiticity, we think that the Dirichlet boundary
conditions are acceptable. Nevertheless, we discuss alternative Hermiticity-
preserving boundary conditions in the next sub-section.
We remark that for the Snyder/Anti-Snyder case, since k2 = −k1 the eigen-
states (4.25) are orthogonal and the Hamiltonian is Hermitian.
5In Sect.(4.6.2) we discuss the details and failure of standard (textbook) perturbaton
formulate.
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4.3.4 Periodic Boundary Condition
A particle in a one-dimensional box with periodic boundary condition is equiv-
alent to a particle confined to a ring of infinitesimal thickness. Imposing on the
wavefunction (4.18) and its derivative, the usual single-valuedness condition










and n an integer. We have taken the length of the box to be L = 2πR. For
q = 1, the existence of Pmax for momentum eigenstates, as for free plane waves,










, −R/(2α) < n <∞ . (4.44)
The spectrum is again bounded above as n→∞.
Notice that unlike the Dirichlet boundary conditions for the infinite well,
the periodic conditions result in a single plane wave of the form (4.42) with
the usual quantized wavevectors (4.43). Thus in this case the eigenstates are
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orthonormal and the Hamiltonian is Hermitian; the two sides of (4.40) are
now equal. It is also worth noting for later comparison that the solution (4.43)
is infinitely differentiable as required for an exact solution of a differential
operator (the Hamiltonian) of infinite order.
Expectation Values and Uncertainties
For the particle in a ring (4.42), the position expectation values in an eigenstate
n are independent of n and are the same as for usual α = β = 0 quantum
mechanics:






〈X2〉 − 〈X〉2 = πR√
3
.
Since the n states are momentum eigenstates, 〈P 2〉 = 〈P 〉2 = λ2p as defined
in Eq.(4.10). So ∆P ≡ 0. These statements apply also to the Snyder/Anti-
Snyder algebras.
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4.4 Application of low momentum expansion
The results in this section will be interpreted as the effects and manifestations
of the intrinsic high momentum cut-off at lower momentum in a perturbative
treatment.
4.4.1 Infinite potential well
Here we discuss how an approximate solution to the infinite well problem, with
Dirichlet boundary conditions, may be obtained using the consistent lowmo-
mentum expansion. For brevity, we discuss the case with q = −7/2 as fewer
terms need to be considered to obtain the spectrum at order α2.
By making use of (4.9), the corresponding (higher-order) Schro¨dinger equa-








Ψ(x) = 0 (4.45)
where we have defined κ :=
√
(E − V (x)) and the energy is E = κ2 + V (x).
The ignored error terms in the above equation are of order α3.
For the infinite well with boundaries at x = 0 and x = L, the three solutions
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of (4.45) are of the form Ψ(x) = ekx, with
k = {k1, k2, k3} ; (4.46)
k1 ≡ −κ(1− ακ+ 5α2κ2/2) ; (4.47)
k2 ≡ κ(1 + ακ+ 5α2κ2/2) ; (4.48)
k3 ≡ 1
2α
+ 2iακ2 . (4.49)
Since k3 does not satisfy the low-momentum consistency condition (4.7), it
must be discarded. We contrast this with Ref. [69] which keeps k3 and obtained
spurious physical solution.
The general wavefunction can thus be expressed as
Ψ(x) = Aeik1x + Beik2x (4.50)
with the wavevectors (4.47,4.48) being smooth deformations of the usual solu-
tions of the undeformed Schro¨dinger equation.





































α2 +O(α4) , (4.53)
in agreement with perturbation theory of the last section and the semi-classical
results [68, 90].
In passing we note that, though in our detailed investigation of the infi-
nite well using exact, semiclassical and consistent low-momentum methods we
found several effects of the intrinsic maximum momentum, we did not find
any evidence of length quantization as suggested in Ref. [69]6. One may simi-
larly use the low-momentum expansion to examine scattering from a potential
step [69,84] in subsequent sections.
4.4.2 Scattering from potential barrier
A one dimensional potential step is defined by V (x) = V0/Θ(x), where Θ(x)
is the step function. First, consider the case when the particle energy E < V0.
Then for q = −7/2 the wavefunction to the left and the right of the barrier
are determined by
6An examination of the analysis in Ref. [69] may be found in [84] and discussion in
Sect.(4.6).
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(V0 − E). Again, the ignored error terms in the
differential equations are O(α3). The ansatz Ψ = emx produces the algebraic
equations,
(m2 + 2iαm3 + k21) = 0 (4.56)
(m2 + 2iαm3 − k22) = 0 (4.57)
with the corresponding approximate solutions for the deformed wave numbers,
x < 0 : m = {ik′1,−ik
′′
1 , 1/(2α)− 2k21α}
x > 0 : m = {k′2,−k
′′






1 = k1(1 + k1α), k
′′
1 = k1(1− k1α) , (4.59)
k
′
2 = k2(1− ik2α), k
′′
2 = k2(1 + ik2α) , (4.60)
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to the indicated order in α. As before, a consistent low-momentum expansion
requires that we discard the third root in (4.58) (contrast this with Ref. [69]).







1 x , (4.61)
Ψ>(x) = Ce
−k′′2 x . (4.62)
Continuity of wavefunction at x = 0 implies A+B = C. From (E.8) in the
Appendix (E), the conserved current of the deformed quantum theory at the










J> = −6α3k42|C|2 = O(α3) ≈ 0. (4.64)
Continuity of probability current density at the boundary implies, to lead-






On the left of the potential step, the incident and reflected current densities
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while in the region x > 0 the transmitted current density is
Jtrans := O(α
3) = 0. (4.67)








)|A|2 = 1 (4.68)
and since the transmission coefficient T vanishes at the order calculated, we
have R + T = 1.
We have a hard wall that reflects back efficiently. Hence for q = −7/2,
the MCR(II) does not affect the R and T coefficients to the order calculated.
Next, consider the case when the energy of the particle is above the potential














1 = k1(1 + k1α); k
′′
1 = k1(1− k1α) ; (4.71)
k
′′





(E − V0). (4.73)
The continuity of the wavefunction and conserved current give,


























1 + 3(k1 − k2)2α2
)
(4.77)
⇒ R + T = 1. (4.78)
Again, MCR does not affect the R and T coefficients to the order calculated
for the potential barrier.
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4.5 Finite potential well
We now study the occurrence of bound states inside an asymmetric potential
well defined by V (0 < x < L) = −V0, V (x > L) = 0 and V (0) = ∞ with
V0 > 0. So the bound state energies will be E < 0. For region-(I), where
0 < x < L, the wavefunction will be of the form (4.18) and demanding that it
vanishes at x = 0 gives
ψ(x)I = A(e
ik2x − eik1x) . (4.79)










1− α√E + V0
, (4.81)
Note E + V0 > 0. In region-(II), x > L, the wavefunction is
ψ(x)II = Ce
ik3x , (4.82)




1− α√−E . (4.83)
All the expressions above reduce to the familiar ones when α = 0. Matching
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the wavefunction and its slope at x = L gives two conditions which we write
below for the most general case, allowing the wavevectors to be complex (that
is allowing E + V0 < 0). Defining ∆k ≡ k2 − k1:
















From (4.80, 4.81) we see that k1 + k2 is always real. For E + V0 < 0, ∆k
is purely imaginary and then one can easily show graphically that condition
(4.85) has no solution for bound states, Im[k3] > 0. On the other hand, for















a condition identical to that for the α = 0 theory. However, we must also
satisfy condition (4.84) which for q = 1 is
2α(E + V0)
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which is an identity for α = 0 but has no viable solution for α 6= 0. Hence
for α 6= 0 bound state formation is inhibited for q = 1. A similar conclusion
follows for q = 0 and we believe this is a general property of (2.16) for α 6= 0.
However, although in the above analysis we used exact expressions for the
wavefunctions on both sides of the boundary, the sharp boundary makes it
impossible to match all derivatives of the wavefunction at the boundary. So
it is probably more sensible to interpret the above results as holding in a
low-momentum approximation where only a few derivatives are matched. We
expect that for a smooth boundary, bound states in an asymmetric well for
the MCR (2.16) will still be permitted though possibly delayed as discussed
below for the Snyder case.
4.5.1 Snyder/Anti-Snyder Case
The relevant wavevectors for the same asymmetric finite well are now
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We see that with E + V0 > 0 condition (4.84) is identically satisfied while







Since for α > 0 the right-hand-side of the inequality is larger than the α = 0
limit π2/(2L)2, this means that formation of bound states in this finite well is
delayed in the Snyder case, compared to normal quantum mechanics.







Now we see that bound state formation is actually enhanced compared to the
α = 0 case.
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4.6 Discussion:
As a conclusion to this chapter, we have discussed a few issues put forth
in literature by the studies of potential box under MCR(II). Constrast and
comparison are made with respect to our results.
4.6.1 First Puzzle: Discretization of space?
Let us first summarise Ref. [69]: The authors solved for the infinite well with
the MCR (2.16, 2.15) in the low-momentum approximation, but unlike our
procedure of Sect.(4.4), in Ref. [69] the k3 solution was not discarded
7.
So instead of (4.50), in Ref. [69] the general solution inside the well is of the
form Aeik1x + Beik2x + Ceik3x, requiring the additional constant C ≡ |C|eiθ.
Since the only boundary condition imposed in Ref. [69] was the vanishing
of the wavefunction at the walls, this was not sufficient to determine all the
constants. The authors then assumed that |C| → 0 as α → 0 and also that
κL = nπ + ǫ with ǫ→ 0 as α → 0. Following those assumptions, the authors
obtained a quantization condition which we write as
k3L = rπ +O(α) , (4.95)
where r is an integer. Since k3 is given by (4.49), the quantization condition
7In Ref. [69] the author solved the problem for q = 4 but since their main conclusion
comes from the O(α) piece of (4.9), which is q−independent, this does not qualitatively
affect the following discussion.
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may also be written as
L
2α
= rπ +O(α) , (4.96)
which is the form used in Ref. [69], and which they interpreted as implying a
quantization of the length of the well and hence a discreteness of space.
We now comment on the analysis and conclusion of Ref. [69]. Simply put,
by keeping k3, in our opinion, the authors of Ref. [69] were not adopting a con-
sistent low-momentum approximation as we have discussed in the earlier sec-
tions of this chapter. As we showed in Sect.(4.4), a consistent low-momentum
calculation for the infinite well agrees with perturbative and semi-classical cal-
culations.
But what if one treated the third-order linear differential equation (4.45)
as the starting point and ignored (2.15)? Then would not the deformed
Schro¨dinger equation have three independent solutions which should all be
considered when constructing the general solution? However note that at lead-
ing order which concerns us here, k3 = 1/2α is not an independent solution
but is rather a special case of the wavevector k2.
This means that (4.46) is, to leading order, an over-complete basis. All
of this is related to the fact that the Hamiltonian for the infinite well with
Dirichlet boundary conditions is not Hermitian, as we discussed earlier. Nev-
ertheless, it is in principle possible to work with an over-complete basis as long
as one imposes sufficient consistency conditions. In the present situation, if
all solutions of the third-order Schro¨dinger equation are kept (though this is
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inconsistent from our point of view), then one should also consider seriously
the deformed current (E.8) which requires additional conditions for it to vanish
at the boundaries.
One can show, through some tedious but straightforward algebra, that if
the deformed current (E.8) is required to vanish at each of the walls, and
without using the external assumptions on C, κ made in Ref. [69], then all the
constants are determined in terms of the free parameter θ. If we further require
the deformation (2.16) is smooth, then using either perturbation theory or the
semi-classical expansion fixes θ = O(α). Hence in some sense, even if k3 is
kept (though it is redundant and inconsistent to do so), one can fix the larger
number of undetermined constants by imposing sufficient consistency condi-
tions (of course the whole procedure is not very useful as far as determining
the spectrum is concerned).
What about the quantization of space suggested in Ref. [69] through (4.96)?
As we have indicated by our Eq.(4.95), the condition (4.96) is simply the
usual quantization condition on wavevectors: Recall that k3 is just one specific
momentum mode of k2. In other words, by keeping the spurious k3 mode,
and writing it as in the form of (4.96), the authors of Ref. [69] were led,
in our opinion, to an erroneous conclusion (and this error is the same when
considering higher orders [69]).
In summary, our solution of the infinite well problem with MCR (2.2, 2.16),
whether exactly or in a consistent low-momentum approximation, either with
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Dirichlet or periodic boundary conditions, does not exhibit any quantization
of length, contrary to the statement in Ref. [69]. Neither did we find any
quantization of length in an exact solution of the harmonic oscillator in Ref. [68]
and Sect.(3.1).
4.6.2 Second Puzzle: Failure of Perturbation Theory?







) with energies En(0) = (nπ/L)
2. One may treat the defor-
mation (2.16) perturbatively and so obtain the energy shifts. At leading order,
standard perturbation theory [83] gives the perturbed wavefunction







En(0) − Em(0) , m 6= n . (4.98)











(m2 − n2)2 for m− n = odd (4.100)
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and zero otherwise. As a check, one may also determine am, as defined by
(4.97), by projecting the exact solution (4.25) on an unperturbed state and










For q = 1 we have verified that (4.101) gives the same expression as (4.100).
Since 〈n|H|n〉 = 0, up to order α2 the perturbed energies are given by










En(0) − Em(0) . (4.104)
If H1 is Hermitian, that is, if
〈m|H1|n〉 = 〈n|H1|m〉∗ (4.105)





En(0) − Em(0) . (4.106)
However it can be easily checked that (4.105) is not true for the infinite
well with usual Dirichlet boundary conditions: Integration by parts of the left-
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side to obtain the right-side gives a surface terms that do not vanish. More
simply, one can see directly from (4.99) that (4.105) is not valid in this case.
Indeed, if one uses the textbook formula (4.106), it gives a result [72] which
does not agree with the perturbative expansion of the exact expressions of the
last section. However if one uses the more fundamental expression (4.104),



















This agrees with the expansion of the exact results from previous sections and
also the semi-classical results in Sect.(3.2.4). Notice the (q − 4) factor which
found to be a universal trend in [68]. For q = −7/2 the result also agrees with






In this chapter, by following Gazeau-Klauder’s approach, we construct gener-
alized coherent states (GCS) as the quantum simulator to examine the effect
of the deformed quantum mechanics (DQM) which exhibits an intrinsic max-
imum momentum. With the advances of quantum optics technology, some of
these distinguishing quantum-gravitational features might be possibly realized
within the domain of future experiments.The results were published in [91].
5.1 Generalized Coherent States (GCS)
Coherent states (CS) were firstly studied by Schro¨dinger in 1926 in harmonic
oscillator systems [92] and later by Klauder and Glauber [93], [94]. Glauber
obtained these states in the study of electromagnetic correlation function and
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realized the interesting feature that these states saturate the Heisenberg Un-
certainty Principle (HUP). Thus, CS are considered as quantum states with
the closest behavior to the classical system and have many applications in
theoretical and mathematical physics [95].
In literature, there are two ways to construct the CS. The first is through
the Klauder’s approach by using the Fock representation of ladder algebra and
the second is the Perelomov-Gilmore’s approach [96] based on group theoretic
construction. In this paper, we follow Klauder’s approach and use the gen-
eralized Heisenberg algebra (GHA) given by [97]. In this version of GHA,
the Hamiltonian J0 which is related to the characteristic function f(x) of the
physical system, together with ladder operators (A† being creation operator







= J0 − f(J0). (5.1)
We see that these operators form a closed algebra and f(J0) is the analytic
function of J0 which is unique for each type of GHA. The Casimir invariance
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of this algebra is
C = A†A− J0 = AA† − f(J0) . (5.2)
The vacuum of the generator J0 is defined by
J0|0〉 = α0|0〉 (5.3)
where α0 is the energy eigen-value of the vacuum state. Consider a general
eigenket of J0, denoted by |m〉, the generators satisfy the following,
Jm|m〉 = αm|0〉 (5.4)
A†|m〉 = Nm|m+ 1〉 (5.5)
A|m〉 = Nm−1|m− 1〉, (5.6)
where αm = f
(m)(α0) is the m
th iteration of α0 under f and N
2
m = αm+1 − α0.
In [97], it was shown that any quantum system with eigen-energy obeying
equation
ǫ˜n+1 = f(ǫ˜n) (5.7)
where ǫ˜n+1 and ǫ˜n are successive energy levels and f(x) is the characteristic
function of the particular quantum system that satisfies the GHA. For exam-
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ple, one can obtain the standard harmonic oscillator with linear characteristic
function f(x) = x + 1 and the q-deformed oscillator with f(x) = qx + 1. In
general, GHA may not refer to smooth deformation of Heisenberg algebra [97].
Similar to [98], we see that both Hamiltonian of MCR corrected DHO and
infinite potential box are examples of those quantum systems.
Klauder’s CS are by construction the eigenstates of the family of annihila-
tion operators
A(γ) = e−iγH/(~ω)A eiγH/(~ω) (5.8)
A(γ)|z, γ〉 = z|z, γ〉 (5.9)
where J ≡ |z|2 is the average energy in the elementary quantum unit of ~ω.
z being the complex eigenvalue of the annihilation operators whereas γ is real
parameter associated with classical action angle variable [94].
The (temporarily stable) Gazeau-Klauder’s generalized coherent states (GKCS)
are defined as [94]







ρn = ǫ1 ǫ2... ǫn (5.11)
where we have denoted ǫn = ǫ˜n − ǫ˜0. For consistency, we set ρ0 = 1. Note
that, to ensure that both (J, γ) are action angle variables, we need the GCS
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to satisfy
〈J, γ|H|J, γ〉 = ~ωJ. (5.12)
We have the time independent of expectation value (temporarily stable) of
Hamiltonian in state with (J, γ).
The GCS are said to be Gazeau-Klauder’s type if they satisfy the following
conditions:
(I) Normalizability:
〈J, γ|J, γ〉 = 1 (5.13)
(II) Continuity in the label:
|J − J ′| → 0 ; ‖ |J, γ〉 − |J ′, γ〉 ‖→ 0 (5.14)
(III) Completeness:
∫
(d2z)w(z, γ)|z, γ〉〈z, γ| = 1 (5.15)
where w(z, γ) is the measure of the Hilbert space spanned by |z, γ〉.
Normalization constant can be expressed in terms of modified Bessel func-
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tion












is nonzero [93]. In fact, different choices of ρn and hence the characteristic
function f(ǫ˜n) gives rise to many different families of GKCS. On the other
hand, the temporal stability condition of the eigenstates can be obtained by
e−iHt/~|z, γ〉 = |z, γ + ωt〉. (5.18)
With the formalism discussed, we consider some examples of GCS, namely
q = 1 deformed harmonic oscillator (DHO) and infinite potential well, as well
as Snyder/Anti-Snyder case in the subsequent section.
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5.2 GCS for MCR(II)-Deformed Harmonic Os-
cillator
In this section, we construct the GCS for exact (or q = 1) MCR-deformed























































































(a− 1)! ; (a)0 = 1. (5.21)
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Since we compute (5.19) by the exact full energy spectrum (3.26), we stress
that it is an exact expression1. Thus, the exact GCS given in (5.10) can be
written as















2µ− 1)n/2√n! P[2(µ+ 1), n] |n〉 (5.25)


















where 2F1[a, b; c; d] is the generalized hypergeometric function. In Fig.(5.1),
we illustrate the exact N−1(J) for different values of δ.
1However, we only manage to express the characteristic function in a closed form pertur-




)− [3n(n+ 1)/2 + 1/4]δ2 +O(δ4) (5.22)
and it implies that
ǫ˜n+1 ≈ ǫ˜n − 3(1 + n)δ2 + 1 = ǫ˜n +
√
1− 6δ2ǫ˜n + 3
2
δ2. (5.23)






which is unique for each class of GCS.
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Figure 5.1: The normalization factor for q = 1 GCS (DHO). Blue line corre-
sponds to δ = 0. Purple, gold and green lines are the deformed cases corre-
sponding to δ = (0.1, 0.3, 0.4) respectively.
It is observed that when δ → 0, we recover the undeformed case asN−1(J)→
e−J/4. Note that from the phenomenological point of view, the physically ac-
ceptable range of deformed parameter should be small, δ ≪ 1.
5.2.1 Probability Distribution and Entropy
Let us consider a possible aspect of Planck scale quantum optics. Indeed the
GCS we considered (5.10) as the states of light fields can indeed be used as an
approximation to describe the real laser with possible non-linear interaction
and non-Poissonian statistic. Besides that, they are stable in time evolution.
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In standard quantum optics (i.e. δ = 0), the probability of detecting n random
photons is given by Poissonian distribution [99],












photon number n¯ in usual CS. For the q = 1 MCR with maximum momentum2,
the probability turns out to be




































2µ− 1)n . (5.28)
This expression contains the physical effects of MCR with maximum momen-
tum in contrast to the one with minimal length in literature such as [98].
It is straightforward to show that the deformed probability distribution
satisfies normalization condition,
∑∞
n=1 P (n, J, δ) = 1. In Fig.(5.2), we show
the overall behavior of the probability distribution P (n, J, δ) for various values
of the MCR parameter.
2Recall that, q ≤ 1 implicitly predicts the presence of maximum momentum, but without
minimal length.
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Figure 5.2: The probability distribution for q = 1 GCS (DHO). Blue line
corresponds to δ = 0. Purple, gold and green lines are the deformed cases
corresponding to δ = (0.1, 0.15, 0.2) respectively. We set J = 20. Notice that
the peak of the distributions tend to larger n˜ as δ increases.
As shown, the probability distribution tends to spread out in n when δ
increases. The maximum probability occurs at the n˜, which increases with δ





H[n˜]− 2H[µ2 + n˜]+H[µ1+µ2−3µ˜ + n˜]+ ln[ µ˜Jδ2 ])
2F1
[








Γ[µ1 + µ2 + n]
= 0,
(5.29)







+ µ ; µ2 =
1
2
+ µ . (5.30)
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Here H[p] is the pth harmonic number. For fixed J ′s, the n˜ which gives the
maximum probability increases with the MCR deformation δ.
Next, we define the Gibb’s entropy [100] of the system (canonical ensemble)
as the standard logarithmic measure of the density of states in the phase space
as
S(J, δ) := −kB
∞∑
n=0
P (n, J, δ) lnP (n, J, δ) (5.31)
where kB is the Boltzmann constant. In Fig.(5.3), we show the plots of entropy
as a function of average energy J for various values of δ.
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Figure 5.3: The entropy distribution for q = 1 GCS (DHO). Blue line corre-
sponds to δ → 0 limit. Purple, gold and green lines are the deformed cases
corresponding to δ = (0.1, 0.15, 0.18) respectively. Notice that the entropy
increases as δ increases.
As shown, for any fixed J , the entropy increases as δ increases. It also
tends to the Poissonian entropy as δ → 0 which is given by [100]



















Since the entropy of the system increases with the deformation parameter
and deviates from the undeformed case, it implies that the GCS tends to be
“more” quantum mechanical as compared to CS in usual quantum mechanics.
As we shall see in the next section, the GCS will still saturate the modified
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uncertainty principle (5.58) but with a shifted minimum. It is consistent that
both entropies in Fig.(5.3) and MUP show the increasing quantum mechanical
behavior in the system considered3.
From another viewpoint, the MCR’s we considered carry the negative mod-
ification (for smallness deformed parameter δ) of effective Planck constant4 on
the right hand side. Thus, the leading order correction from the right hand
side of MCR is always negative and smaller than ~ and, the effective size of
unit cell in the phase space decreases. This implies that the total number of
accessible states and the entropy of the system increases as compared to the
underformed case. This result is different from the string-theory motivated
GUP case, whereby the latter predicts a decrease in system’s entropy due to
the consequence of minimal length scale in the theory.
As a conclusion, these exact results are interesting because they highlight
clearly some key conceptual and theoretical issues and illustrate some unique
features of the MCR deformed quantum mechanics on the quantum optical
behaviors5.




> ~/2 is only true for
certain values of γ such as sin γ > 0. It is possible for MUP to vanish for certain classes of
γ.
4This is the main difference between DSR-motivated MUP and string-theory (Snyder)
motivated GUP.
5Of course to be consistent, these new features seen at high momentum need to be further
verified by a relativistic treatment.
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5.2.2 Uncertainty Principle for Deformed Harmonic Os-
cillator
To realize the deformed quantum algebra in (2.2) with q = 1, we represent the
position and momentum operators from (4.5) perturbatively up to O(α2) in
position space by
X = x ;P = p(1− αp+ α2p2), (5.33)
with [x, p] = i~ being the standard Heisenberg-Weyl algebra and both (x, p)
are canonical6. Here small letter p can be physically interpreted as the mo-
mentum operator at low energies and thus carries the standard representation




. It is very important to note that since we
represent the deformed momentum operator perturbatively (5.33), the results
in this and subsequent sections will be interpreted as the effects and man-
ifestations of the intrinsic high momentum cut-off at lower-momentum in a
perturbative treatment.
With (5.33), any (non-relativistic) quantum mechanical Hamiltonian is
6Note that we can choose X-representation for q ≤ 1 because in this sector we have max-
imum momentum cut-off and no minimal length uncertainty [68], the eigenstate of physical
position operator X is well-defined. We have commutative space [Xi, Xj ] = [Pi, Pj ] = 0.
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= H0 +H1, (5.34)
where the undeformed Hamiltonian is H0 =
p2
2m
+ V (x) and perturbed Hamil-
tonian is H1 = − αmp3 + 3α
2
2m








































They satisfy the canonical commutation relations,
[A,A†] = 1 [A,A] = [A†, A†] = 0. (5.37)
The standard Fock basis of SHO is given by
A|0〉 = 0, A|n(0)〉 = √n|n(0) − 1〉, A†|n(0)〉 = √n+ 1|n(0) + 1〉.(5.38)
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(6n(n+ 3)− 3J(J + 4))δ2]J (n/2)e−iγǫn√
n!
|n〉 . (5.44)
The deformed number states can be expanded in terms of the undeformed one
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(n+ 1)3|n(0) + 3〉+
√









Note that (a)n is the Pochhamer symbol defined in (5.21).
Also, the (perturbative) physical position and momentum operator can be
further expressed in terms of creation/annihilation operators as




[A† + A] (5.46)




(A†)2 + A2 + 2N + 1
]
(5.47)






i(A† − A) + δ√
2
[
(A†)2 + A2 − 2N − 1]+O(δ2)]









(A†)3 − A3 + 3[A†A2 − (A†)2A+ A− A†]]+O(δ2)} .(5.48)
Next, we compute the position and momentum dispersion for the pertur-
7Phenomenologically the perturbative results are sufficient as one expects alpha to be
very small. So, for simplicity we shall keep up to O(α) terms consistently in the subsequent
section.
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Using the standard interpretation of uncertainty as standard deviation (∆X) =√〈X2〉 − 〈X〉2, the MCR’s dispersion in position operator X is
(∆X)MUP
(∆X)QM
= 1 + 2
√
2Jδ sin γ +O(δ2) (5.52)
whereby we denote (∆X)QM =
√
~/(2mω). We see that Eq.(5.52) recov-
ers the standard undeformed result when (∆X)MUPδ→0 =
√
~/(2mω). Also, for
the special case when γ = 0 we have the same minimal position uncertainty
(∆X)MUPγ→0 = (∆X)
QM. In general, for any finite J and nonzero parameters
(δ 6= 0, γ 6= 0), the position dispersion (∆X)MUP can either increase or de-
8See Appendix F for more detailed calculation.
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crease as compared to
√
~/(2mω) depending on the values of γ. It implies
that although GCS saturates the position uncertainty as in standard CS, the
absolute minimum is shifted with the deformed parameters δ and γ. Similar







(1 + J(2− 2γ sin 2γ − cos 2γ)) +O(β2) , (5.53)
where β is the deformed parameter proportional to L2p and has the dimension
of an inverse squared momentum. Similar to our MCR case, this position
uncertainty can take both positive and negative corrections.





2J sin γ + δ
(











J sin 3γ + (J + 1) sin γ
)
+O(δ2). (5.55)
The MCR’s dispersion in momentum operator P is
(∆P )MUP
(∆P )QM
= 1 +O(δ2) (5.56)
174
Ch 5– Gravitational-Induced Generalized Coherent States
whereby we denote (∆P )QM =
√
(m~ω)/2. From Eq.(5.56) we see that the
deformed momentum uncertainty is similar to the standard CS up to the first
order perturbation regardless of values for (J, γ).





(cos 2γ − 2γ sin 2γ). (5.57)
We see that stringy momentum uncertainty (5.57) can increase or decrease
as compared to undeformed case, depending on the values of γ. For our MCR
case (5.56), it is always unchanged with respect to (J, γ). We see from Eq.(5.53)
and Eq.(5.57), GUP position and momentum uncertainties are behaving like
the conjugate pair for for all finite values of J and β, but not in MCR case
since (∆P )MUP is always constant up to the leading order in perturbation.
The product of both position and momentum uncertainties for MCR pro-





= 1 + 2
√
2Jδ sin γ +O(δ2)
= 1− 2α〈J, γ|P |J, γ〉+O(δ2). (5.58)
For comparison, the stringy Generalized Uncertainty Principle (GUP) is given
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βm~ω(1 + 4J sin2 γ) +O(β2)
= 1 + β〈J, γ|P 2|J, γ〉+O(β2). (5.59)
Firstly, both Eq.(5.58) and Eq.(5.59) produce the correct undeformed limit.















βm~ωJ for GUP. Thus, in deformed
quantum theory, MCR predicts no change in uncertainty principle for GCS
when γ = 0. This scenario is effectively different from GUP. The latter implies
an increase in uncertainty principle for all finite values of β.
However, for nonzero γ the situation is drastically different from γ = 0.
In Fig.(5.4), for some finite values of γ, the product uncertainties of position
and momentum operators vanish, i.e. [(∆X)(∆P )]MUP = 0 which exhibits the
classical characteristic9 as in MCR deformed SHO [68].





. This feature can be the empirical significance
to distinguish between the MUP and GUP schemes of quantum deformation
besides the entropy in Sect.(5.2.1).




= 0 is fundamentally dif-
ferent in physical ground from the one in [68]. For the latter, the vanishing of uncertainty
principle is directly due to the intrinsic maximum momentum cut-off. In fact, at the max-
imum momentum state (nmax → ∞ for q = 1), the right hand side of MCR (2.2) vanishes.
For GCS, the uncertainties vanish for certain classes of γ (action angle variable).
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Figure 5.4: The modified uncertainty principle for q = 1 DHO. We set δ = 0.1.



















Eq.(5.60) is the consistency condition to ensure that the energy behaves as
the action angle variable and GCS remains coherent states under time evolu-
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tion (temporarily stable).
5.2.3 Quantum statistics
One can further compute the dispersion of number operator N = A†A. Firstly,
up to first order in perturbation O(δ), we have the following expectation val-
ues10:





(J sin 3γ − 3(J + 1) sin γ)
]
(5.61)








(J + 1) sin 3γ − 3(J + 2) sin γ)].
(5.62)
The respective expectation values of N and N2 are given by,






(J sin 3γ − 3(J + 1) sin γ)
]
(5.63)
〈J, γ|N2|J, γ〉 = 〈J, γ|(A†)2A2|J, γ〉+ 〈J, γ|A†A|J, γ〉










10Refer to appendix (F) for more details.
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The dispersion of number operator turns out to be







2J(cos 2γ − 1)− 1)+O(δ2)] .(5.65)
In quantum optics, the measure of deviation from standard Poissonian
distribution is given by the Mandel parameter defined by [99]
Q :=
〈J, γ|(∆N)2|J, γ〉
〈J, γ|N |J, γ〉 − 1 , (5.66)
where Q = 0 refers to standard Poissonian distribution, Q ≥ 0 the super-
Poissonian (photon bunching) and Q ≤ 0 the sub-Poissonian (photon anti-
bunching). Thus for GCS of DHO we have,
Q =
1 + 3δ sin γ√
2J
(




J sin 3γ − 3(J + 1) sin γ) − 1
= −4
√
2Jδ sin3 γ +O(δ2). (5.67)
Coherent state, the output by a laser far above threshold has Poissonian
statistics yielding random photon spacing. However, from Eq.(5.67), we see
that GCS no longer purely exhibits random Poissonian distribution. Effects
of Eq.(5.67) can be considered as the MCR-gravitational induced super/sub-
Poissonian statistics. Thus, in GCS, we obtained a physical phenomena whereby
photons that arrive more/less simultaneously (positive/negative correlation) at
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Figure 5.5: The Mandel-Q number for GCS. We set δ = 0.1. Note that the
Mandel-Q number can be positive or negative periodically depending on the
parameter γ.
In Fig.(5.5) we show the variation of Mandel-Q number as a function of
γ. We have sub-Poissonian case when γ ∈ (0, π) + 2rπ and super-Poissonian
case when γ ∈ (π, 2π) + 2rπ, where r is any positive integers. In contrast to
Eq.(5.67), stringy motivated GUP predicts the sub-Poissonian distribution for
GCS regardless of (β, γ).
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5.2.4 Semi-classical dynamics
We consider the dynamics of DHO in the framework of MCR that incorporates
the maximum momentum by using the Heisenberg picture. To quantify how
closely our GCS resembles classical mechanics, we can test Ehrenfest’s theorem.
For any bounded operator O, the theorem is given by
d
dt
〈J, γ + tω|O|J, γ + tω〉 = i
~
〈J, γ + tω|[H,O]|J, γ + tω〉 (5.68)
where |J, γ + tω〉 is the time evolution of states |J, γ〉 under the Hamiltonian
such that |J, γ + tω〉 = exp(−iHt/~)|J, γ〉. Using the deformed Hamiltonian,
the Heisenberg’s equation of motion (EOM) for the position of the center of
wave packet takes the form of



















〈A†〉 − 〈A〉+ 3iδ√
2
(










2J sin γˆ + 4Jδ cos 2γˆ +O(δ2)
]
(5.69)
where we have denoted γˆ := γ+ tω. We see that by taking the time derivative
of Eq.(5.49) and compare to Eq.(5.69), one can obtain the Ehrenfest’s theorem.
Also, by taking limit δ → 0, we recover the exact Ehrenfest’s theorem for usual
quantum mechanics. With the same token, the EOM of momentum operator
181
Ch 5– Gravitational-Induced Generalized Coherent States
is
〈J, γˆ|P˙ |J, γˆ〉 = i
~


















2m~Jω3 cos γˆ − 4J
√
m~ω3δ sin 2γˆ +O(δ2). (5.70)
By taking the time derivative of Eq.(5.54), it is in complete agreement with
Eq.(5.70). It is worth noticing that in stringy motivated model, this require-
ment is not exactly satisfied by authors in [102] but further rectified by author
in [101] by applying the Non-Hermitian quantum mechanics approach.
Next, we differentiate Eq.(5.69) and use Eq.(5.49) in order to obtain the
deformed Newton’s EOM,
















)|J, γˆ〉] . (5.71)
Note that the correspondence principle in the MCR deformed quantum me-
chanics is modified and generally the center of the wave packet no longer follows
the DHO path. Interestingly, we produce the similar correspondence principle
as in the stringy case [101]. Indeed, the classical dynamics of the GCS is not
strictly simple harmonic.
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Comparing with Eq.(5.70), the Ehrenfest’s theorem is satisfied exactly and it
is given by 〈P˙ 〉 = 〈−∂V
∂x
〉 for arbitrary values of γ.
5.2.5 Fractional Revival Structure
In this section, we study the revival structure of the GCS wave packet under
MCR deformed quantum theory. It is commonly known that when a wave-
function evolves in time to a state that closely resembles its initial form, we
have the quantum revival phenomenon. In addition, fractional revival occurs
in a situation when a wavefunction evolves in time to another state that can
be described as a collection of spatially distributed sub-wavefunction, each of
which closely resembles the shape of the initial wavefunction [94].








n≥0 |cn(J)|2 = 1. The weighting probability
|cn(J)|2 is defined by cn(J) := Jn/2/N(J)√ρn. The revival phenomenon arises
from the weighting probabilities in the way that it describes well localized
11For simplicity, we choose γ = 0 in this section, so γˆ = ωt.
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behavior of the wave packet under sub(super)-Poissonian distribution. In [94],
one can expand the energy in the expression for wave packets around the
centrally excited sub-mode n˜, with energy En˜. This sub-mode refers to the
peak of |cn(J)|2 in which it is governed by corresponding distributions. The
sub-mode is assumed close to the expectation value of the number operator
n˜ ≈ n¯ = 〈N〉 = Jd lnN2(J)/dJ . The revival time scales are given by the
derivatives of the energy, i.e. classical period Tcl = 2π~/|ǫ′n˜|; revival time
Trev = 4π~/|ǫ′′n˜|; super-revival time Tsrev = 12π~/|ǫ′′′n˜ | and so on. Note that
the energy of our system is quadratic in n, and thus we only have nonzero
classical period Tcl and revival time Trev for the system. Now, consider q = 1
MCR deformed harmonic oscillator. We treat it perturbatively up to O(δ).
Considering the perturbative energy spectra (5.41), the deformed probability
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In Eq.(5.77), we see that the usual Poissonian weighting function |cpoin (J)|2 =
Jne−J/n! is modified due to the deformation. In fact, Eq.(5.77) is the per-
turbative expansion of the exact probability density in (5.28). In Fig.(5.6) we
plot the modified weighting function for various energy J as the functions of
n. Note that the peak refers to the dominating sub-mode n˜. This sub-mode
is given by,






J sin 3γ − 3(J + 1) sin γ)] . (5.78)
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Figure 5.6: The probability density |cn(J)|2 as a function of n. We set δ = 0.01.
Blue,purple and gold lines correspond to J = 3, 6, 15 respectively.
Besides that, the derivatives of the perturbative energy are
ǫ′n = ~ω




ǫ′′n = −3~ωδ2. (5.79)
Using n˜ and Eq.(5.79), it allows us to determine the time scales involved,











Subsequently, we analyze the behavior of the auto-correlation function in order
to study the revival structure. It is defined by the overlapping of states under
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the evolution of Hamiltonian,






One can choose an appropriate upper cut-off limit in the sum of (5.82) by
analyzing the behavior of the square of weighting function |cn|2. For our sit-
uation as shown in Fig.(5.6), n ≈ 50 will be a sufficiently good value to use
as the termination point in the sum of the auto-correlation function. Nu-
merically, the square of the auto-correlation function |A(t)|2 varies in between
0 and 1. The maximum |A(t)|2 = 1 is the situation when the wave packet
ψ(x, t) = 〈x|J, ωt〉 matches exactly the initial wave packet ψ(x, 0) whereas the
minimum, |A(t)|2 = 0 refers to non-overlapping or the wave packet is far from
the initial one. There will be revival of the classical-like wave packet after the
classical period Tcl. Since we have either sub(super)-Poissonian distribution
(depends on γˆ) in our model, we also encounter the fractional revival as in the
GUP stringy model [101]. The fractional revival occurs at time p/q(Trev), with
coprime integers p, q.
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Figure 5.7: Auto-correlation function as a function of time (small J). We set
J = 1.5, δ = 0.18, ω = 0.5, ~ = 1, γ = 0, Tcl = 15.08, Trev = 251.27.








Figure 5.8: Auto-correlation function as a function of time (big J). We set
J = 6, δ = 0.06, ω = 0.5, ~ = 1, γ = 0, Tcl = 13.38, Trev = 2513.27.
We show the revival structure in Fig.(5.7a) and Fig.(5.7b) for small (large)
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J values. In Fig.(5.7a), we observe local maximum occurs at multiples of
Tcl = 15.08, i.e. t = 15.08, 30.16, 45.24 etc. Also, the first full reconstruction
[94] of the original wave packet happens at Trev/2 = 125.63. In Fig.(5.7b),
we choose to set smaller δ so that the Tcl ≪ Trev in order to observe the
fractional revival structure clearly. The first reconstruction of original wave
occurs clearly at Trev/2 = 1256.64. Furthermore, we see multiples of fractional
revival occur at Trev/4, Trev/3, Trev/6 etc.
Note that our result in fractional revival is similar to [101] even though
the latter case (stringy-motivated model) predicts strictly the sub-Poissonian
distribution. Hence, we cannot distinguish the MCR and GUP model by
investigating the auto-correlation function and the revival structure. The main
reason is that we simplify the problem by using the perturbative approach. We
believe the extension to higher orders or eventually the exact case will be able
to determine the differences in the revival structure induced by these models.
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5.3 GCS for MCR(II) Deformed Infinite Well
Following the same formalism in Sect.(5.2), we construct the GCS for infinite
potential well perturbatively. Recall from (4.29) the perturbative energy of



































































. Thus, the GCS for infinite potential well
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is given by




















) |n〉 . (5.86)
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Figure 5.9: The normalization factor for q = 1 GCS (infinite potential). Blue
color corresponds to δ → 0 limit. Purple, gold and green lines are the deformed
cases corresponding to δ = (0.035, 0.045, 0.075) respectively. The distribution
is similar to Fig.1 DHO case. Here we set m = ~ = L = 1.
In Fig.(5.8), we have depicted N−1(J) for different values of α. Notice that
the normalization function share the same feature in both DHO and infinite
potential case. The probability of detecting n random photons is modified to














; 1, χ−, χ+;− 4mL2Jπ2~2α˜2
]





From (5.88), the Gibb’s entropy of the system is given by a similar form (5.31).
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We plot the probability and generalized entropy in Fig.(5.9) and Fig.(5.10)
respectively.







Figure 5.10: The probability distribution for q = 1 GCS (infinite potential).
Blue dots correspond to δ → 0 limit. The purple color dots are the deformed
case corresponding to δ = 0.01. We set J = 350. Similar to the DHO case,
the peak tends to larger n˜ as δ increases.
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Figure 5.11: The entropy distribution for q = 1 GCS (infinite potential). Blue
line corresponds to δ → 0 limit. Purple and gold lines are the deformed
cases corresponding to δ = (0.02, 0.03) respectively. Notice that the entropy is
increased as δ increases.
Note that the general behaviors of the probability and entropy of GCS in-
finite potential are similar compared to the DHO case. To further strengthen
our claim on the role of maximum momentum cut-off in increasing the entropy
of GCS, we consider the Anti-Snyder case which also exhibits maximum mo-
mentum. From the perturbed energy (4.28) and (4.31), it is easy to realize
that the Anti-Snyder case is sharing the same characteristic function as the
q = 1 infinite potential case. Hence, we conclude that Anti-Snyder case gives
the same physical prediction as q = 1 infinite potential and DHO.
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As a conclusion, the increasing of entropy in the Planck scale quantum
optics is the main consequence due to the maximum momentum cut-off. Evi-
dently, this feature was obtained by the exact treatment of DHO in Sect.(5.2)
as well as the perturbative treatment in Sect.(5.3). In addition, the probability
and entropy change we obtained are opposite in sign as compared to those ob-
tained using string-theory (Snyder) motivated MCR’s. Hence these two cases
are experimentally distinguishable in future experiments.
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Chapter 6
Relativistic Wave Equation with
Potentials
In this chapter we examine the non-perturbative effect of maximummomentum
on the relativistic wave equations e.g Klein-Gordon and Dirac equation with
linear confining potentials, and the Dirac oscillator. The results of this chapter
were published in [103].
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6.1 MCRDispersion relation and Time-Dependent
Speed of Light
For q ≤ 1, we consider the position representation [90]. The exact representa-
tion in position space for q = 1 is
X i = xi (6.1)
P i =
pi
1 + α|p| (6.2)





Here (xi, pi) are the usual low energy canonical pairs that satisfy the Heisen-
berg algebra, [xi, pj] = i~δij and |p| =√gijpipj is the magnitude of the three-
momentum. Denoting P µ as the four momentum1, we have
Xµ = (x0, xi) (6.4)
P µ =
(
P 0 = E/c, P i = pi (1− α|p|+ α2|p|2)) (6.5)
1Greek indices run from (µ, ν = 0, 1, 2, 3) whereas italic indices run from (i, j = 1, 2, 3).
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for q = 1 while for q = 0
P µ =
(
P 0 = E/c, P i = pi (1− α|p|+ 3
2
α2|p|2)) (6.6)
Note that perturbatively we only keep terms up to O(α2) [104]. Consider
q = 1 and denote the generic background metric as gµν (for simplicity assumed
to be diagonal), the norm of P µ is
P µPµ = gµνP
















+ |p|2 + |p|2(−2α|p|+ 3α2|p|2). (6.7)
Since the undeformed dispersion relation is pµpµ = g00E
2/c2 + |p|2 where
pµpµ is the Casimir invariant of the usual Lorentz group given by the term
−m2c2, we obtain the modified dispersion relation in terms of low energy
momentum
P µPµ = −m2c2 + |p|2
(−2α|p|+ 3α2|p|2). (6.8)
One can invert (6.5) to express the undeformed momentum pi in terms of
deformed P i, i.e. pi = P i(1 + α~|P |) where |P | = √gijP iP j. For simplicity,
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we keep to leading order O(α). Thus, (6.8) takes the form of
P µPµ = −m2c2 − 2α|P |3 = −m2eff c2 , (6.9)
where we define the modified effective mass as meff :=
√
m2 + 2α|P |3/c2. This
correction can be viewed as the correction due to Planck length physics. Mak-
ing used of P µPµ = g00(P
0)2 + |P |2, Eq. (6.9) can be written as
(P 0)2 = − 1
g00
[
m2c2 + |P |2(1 + 2α|P |)] , (6.10)
and the energy of a particle in the gravitational field gµν [105] with MCR(II)
is
E2 = (−g00cP 0)2 = −g00c2
[
m2c2 + |P |2(1 + 2α|P |)] (6.11)
= E20 − 2g00c2α|P |3.
Here E20 = −g00c2(m2c2+ |P |2) is the usual dispersion relation. If we consider
Minkowski spacetime where g00 = −1 and set m = 0, the photon’s group
velocity is defined by vp = ∂E/∂|P |. From (6.11) one can solve |P | in terms
of energy E by iteration,
E2 = c2|P |2(1 + 2α|P |)
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Hence up to O(α), the modified photon velocity is ,













where we choose “+” sign from the consistency condition, i.e. vg = c as α→ 0.
Thus we have energy-dependent velocity of light at the Planck length regime.
This superluminal photon propagation, i.e. vg > c should be interpreted as
the time-dependent velocity of light which is similar to the Varying Speed of
Light (VSL) phenomena [106–108] and also agree with DSR(I) model [62].
200
Ch 6– Relativistic Wave Equation with Potentials
6.2 MCR(II) and Real Klein-Gordon Equa-
tion
In relativistic quantum mechanics, the equation of motion of a quantum scalar
or pseudo-scalar field which describes the spinless particles is given by the
Klein-Gordon (KG) equation. In (1+1)-dimensions, it is given by [109]
c2p2xφ(x, t) = (E
2 −m2c4)φ(x, t). (6.14)
We recognize (6.14) as the classical wave equation including the mass term
m2c4. If we choose the representation px = −i~∂x and E = i~∂t, we end up










φ(x, t) = 0 (6.15)
with the free wave solution φ(x, t) = ei(kx−ωt) where ω = E/~ and the disper-
sion relation k2 = E2/~2c2 −m2c2/~2.






φ(x, t) = (E2 −m2c4)φ(x, t). (6.16)
Suppose we take the anstaz φ(x, t) = ei(k
′x−ωt) and choose the undeformed
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and we see that k′± → ±k smoothly when α→ 0. Note that wave vector (6.17)
is an exact expression since we have used the exact representation (2.24).
The wave solution of q = 0 deformed KG equation is














where k is the usual wave vector that satisfies the dispersion relation. For the
maximum momentum state k = 1/(2α~), the wavefunction (6.18) oscillates
rapidly. Furthermore, we can define the non-degenerate effective mass m± to








which can be further written as
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We see that both effective masses m± smoothly reduce to the ordinary mass
when α→ 0. Thus, the q = 0 deformed KG equation with MCR(2.2) describes
two particles with effective mass m±. We contrast this result with the MCR(I)
stringy model with minimal length, Quesne-Tkachuk algebra [110] in which
the latter consists of one ordinary particle and one Weyl (conformal) ghost.
The ghost particle breaks the usual Lorentz symmetry and gives negative con-
tribution to the energy. As a result, the Hamiltonian is not bounded from
below in stringy model and one has to introduce indefinite metrics in the field
theory sector [111].

















The maximum momentum state occurs at k = 1/(α~) where the wavefunction
(6.22) oscillates rapidly. Similar to q = 0, the effective masses are
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To leading order O(α), (6.23) is the same as the q = 0 case.
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6.3 Klein-Gordon Equation with Scalar-Like
and Vector-Like Linear Potentials
Consider the KG equation for a spinless particle of mass m in the presence of
a linear scalar S(x) and vector V (x) potential [112]
(
c2P 2 + [mc2 + S(X)]2 − [E − V (X)]2)φ = 0. (6.24)
The vector potential is obtained by gauge invariant minimal coupling through
Pµ → Pµ − gAµ where g is the real gauge coupling constant of the interac-
tion. We set the spatial component of vector field ~A = 0 and write the time
component as S(X) = gA0(X). This can be viewed as the position dependent
rest mass term, e.g. the MIT bag model in quark confinement to avoid Klein
paradox [113].
The potentials are assumed to be linear and take the form of
S(X) = λX , V (X) = κX (6.25)


















φ(P ) = 0 (6.26)
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where we have completed the square and defined a scaled position operator as
U = X +
λmc2 + κE
λ2 − κ2 . (6.27)
For q = 0, we use the representation P = p, X = i~f(p)∂p ≡ −2iα~∂ρ
where we have performed a change of variable2 p = (1− eρ)/(2α) which maps
p ∈ (−∞,∞) to ρ ∈ (−∞,∞). Since U and X are related by a constant shift,








φ(ρ) = ǫ¯ φ(ρ) (6.28)
with the definition of the following dimensionless parameters
ǫ =
m2c4 − E2







; ǫ¯ = θ2 − ǫ (6.29)




, −∞ < ρ <∞. (6.30)
The potential is similar to Morse potential which has one minimum at
2In ρ representation, (6.26) can be rewritten to a Schro¨dinger-like equation. Refer to [68]
for more details.
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V1(ρ = 0) = 0, approaches positive infinity as ρ→∞ and approaches 1/δ4 as
ρ→ −∞. Thus, the bound state spectrum has a maximum energy limited by




)2 ≤ c2(λ2 − κ2)
4α2
; |λ| > |κ|. (6.31)
For real energy and mass, we see that bound states can occur only when
the scalar potential term S(x) = λX is sufficiently stronger than the vector
potential V (x) = κX, i.e. (λ2−κ2) > 0 [114,115]. Also, no bound states exist
for the case S(X) = ±V (X). Furthermore, there are no bound states and only
tunneling solutions arise if potential is introduced as the time component of the
Lorentz vector (λ = 0, κ 6= 0). All these are consistent with the undeformed
case [116,117], even with the existence of the maximum momentum cut-off. In
the non-relativistic limit (i.e. c→∞), the energy spectrum (E = Enr +mc2)
reads,
















From (6.33) it seems to suggest that there is no bound state solution in the
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non-relativistic limit when α > (2mc)−1.
6.3.1 The ρ-Representation and Exact Result
We proceed to determine the exact bound state energies and wavefunctions.
We just outline the main steps3. Firstly, an asymptotic analysis identifies the
dominant behavior of square-integrable solutions at the two ends. Then one
uses an ansatz for the wavefunction which includes that information to simplify




exp(ρ) ; 0 < ξ <∞ , (6.34)
























3The procedure to solve equations such as (6.28) is standard [85], readers can find details
in [68].
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2k + 1− ξ
)∂f(ξ)
∂ξ
+ n˜f(ξ) = 0. (6.38)
The positivity requirement on k comes from the square-integrability con-
dition at ξ = 0 (ρ = −∞) and it implies an upper bound on the bound state




)2 ≤ c2(λ2 − κ2)
4α2
. (6.39)
Equation (6.38) has two singularities, a regular singular point at ξ = 0 and
an essential singularity at ξ = ∞. The function f(ξ) may be expanded in a






The indicial equation that follows is
s(s+ 2k) = 0 .
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Figure 6.1: The characteristic εn energy spectrum for Klein-Gordon equation.
We set λ = 0.05, κ = 0; ~ = c = 1. The dashed line (blue) refers to the unde-
formed case. Solid lines (Purple and Red) lines correspond to (α = 0.1; 0.15)
respectively. Note that nmax|α=0.1 = 49 and nmax|α=0.15 = 32
The solution with s = −2k is not square-integrable at ξ = 0 and is dis-
carded. The remaining s = 0 case leads to an infinite series which must
be truncated, otherwise its growth would be exponential and again lead to a
non-normalizable solution (at ξ = ∞). Truncation leads to the quantization
condition
n˜ = n, (n = 0, 1, 2...)
and thus from (6.35,6.36) we obtain
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Here εn(0) = (λ
2 − κ2)3/4√(2n+ 1)~c is the energy spectrum for the unde-
formed case which coincides with the result from Ref. [117]. If nmax is not an
integer, the largest bound state realized is for an integer less than or equal to
the value indicated. In fact En in (6.40) is a monotonically increasing function
of n, reaching a stationary point at an integer near nmax where E = Emax
(6.31) is attained, see Fig.(6.1). The energy function (6.40) forbids the com-
plex solution due to the truncation of nmax regardless of α parameter. The
exact bound states spectrum for q = 0 has only an α2 correction, which shows
the same behavior as the deformed harmonic oscillator (DHO).
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n = 10








Figure 6.2: The probability density for Klein-Gordon equation with q = 0, n =
10. The horizontal axis is ξ = 2(1 − 2αP )/δ2 and so ξ = 0 corresponds to
p = pmax = 1/(2α) while ξ =∞ corresponds to p = −∞. We set α = 0.1;λ =
1, κ = 0; ~ = c = 1.






2kn + 1− ξ
)∂f(ξ)
∂ξ
+ nf(ξ) = 0; n ∋ Z+ (6.42)
with solutions given by associated Laguerre polynomials f(ξ) = L2knn (ξ). The




Γ(2kn + n+ 1)
exp(−ξ/2)ξknL2knn (ξ) (6.43)
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∣∣∣Ψ2knn (ξ)∣∣∣2 = 1. (6.44)
To illustrate the behavior of the eigenfunctions, we plot an example Ψ2knn (ξ)
in Fig.(6.2) for n = 10. For small α and n, the wavefunction does not feel the
maximum momentum. In Fig.(6.2), it shows the probability density for the
n = 10 state which is already slightly asymmetrical with higher peak shifted
closer to p = pmax (corresponds to ξ = 0).
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6.4 Dirac Equation with Scalar-Like and Vector-
Like Linear Potentials
Consider the stationary Dirac equation describing a spin-1
2
particle of mass
m subjected to a scalar potential S(X) and vector potential V (X) as in KG
equation [57,118],
(E − V (X))ψ = [c~α · ~P + β(mc2 + S(X))]ψ, (6.45)
where ψ is the Dirac spinors and (~α, β) are the Dirac Matrices. In (1+1)-
dimension, ψ is represented by two components spinors and we can choose the
anti-commuting Dirac matrices (~α, β) as
α = σy =
0 −i
i 0




Suppose we use the ansatz for the spinor ψ as
ψ =
[
cαP + β(mc2 + S(X)) + (E − V (X))]φ . (6.47)
Eq.(6.47) can be viewed as the “transformation” in the spinor space and φ is
a two components function satisfying the following,
[
c2P 2 + (mc2 + λX)2 − (E − κX)2 − c[P, (βλ+ κ)X]α
]
φ = 0 (6.48)
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where we assume the linear potential (6.25). After completing the square and










λ2 − κ2 +
~c(1− 2αP )√
λ2 − κ2 M
]
φ(P ) = 0
(6.49)





 0 λ+ κ
λ− κ 0
 (6.50)
with eigenvalues of η = ±1 and two components eigenvector Rη, e.g. MRη =
ηRη. We assume the ansatz φ(P ) = Rηϕη(p) where ϕη(p) is a function of
momentum characterized by η = ±1.
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Figure 6.3: The effective potential for V η2 (ρ). Note that the potential tends
to 1
δ4
when ρ → −∞ as similar to V1(ρ). Dashed (solid) line refers to η =
−1 (η = +1) case. We set δ = 0.5.
With the new position variable U = −2i~α∂ρ and momentum variable















, −∞ < ρ <∞ (6.52)
and ǫ¯ is defined in (6.29). In contrast to potential V1(ρ) in KG equation, V2(ρ)
has a shifted minimum V2(ρ)
∣∣
min
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= 0 for η = 1 (or η = −1) case (see Fig.(6.3)). Furthermore, similar
to V1(ρ), V2(ρ) saturates to 1/δ
4 when ρ → −∞ regardless of η. Thus, the
energy of the MCR-inspired generalized Dirac equation with linear potential is
bounded from above as in the Klein-Gordon case (6.31), i.e. (λEmax+κmc
2)2 ≤
c2(λ2 − κ2)/(4α2).
Since (6.51) has a similar structure as in (6.28), one can use the same
method as in Sect.(4.1) to determine the exact bound state energies and
wavefunctions. After a change of variable and applying the ansatz solution






2k + 1− ξ
)∂f(ξ)
∂ξ
+ n′f(ξ) = 0.












The square-integrability condition of wavefunction at ξ = 0 or (ρ = −∞)
requires k value to be positive definite and predicts the same maximum energy
as in KG case, ǫ¯ = 1/δ4. Next, to avoid unnormalizable wavefunction at
ξ = ∞, n′ has to be positive integers. Since we have the same maximum
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energy cut-off, the maximum number of bound states is given by





















= 2n(1/δ2 − n/2) (6.55)
where we have defined n ≡ n′ + 1/2 + η/2. The n value can take all nonzero
positive integers up to nmax for both η = ±1, with n = 0 is only possible
for η = −1 case. It is interesting to see that for non-zero principle quantum
number, i.e. n 6= 0, we have two possible pairs of (η, n′) that correspond to
the doubly degeneracies in the energy. They are (−1, n) or (1, n − 1). This
result is universal to MCR’s models including those with nonzero minimal
length [57,118] and those with maximum momentum. The energy of the MCR-
inspired Dirac equation with vector and scalar potential is similar to (6.40)








where εn(0) = (λ
2 − κ2)3/4√2n~c is the energy expression for the undeformed
case which coincides exactly with the result from literature [114]. Here n =
1, 2... for η = +1 and n = 0, 1, 2, 3... for η = −1 case.
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Additional state
n = 0










Figure 6.4: The characteristic εn energy spectrum for Dirac equation. We
set α = 0.1, λ = 0.05, κ = 0; ~ = c = 1. The green/red lines correspond to
η = 1; (η = −1) respectively. Note there is an additional state for η = −1 at
n′ = n = 0.





2 = ±2α~(λ2 − κ2)
√




2 = ±2α~(λ2 − κ2)
√
2n′/δ2 − (n′)2. (6.58)
Also, the bound state wavefunctions are exactly given by (6.43) with the re-
placement n→ n′.
The difference in the maximum number of states for both η = ±1 case
219
Ch 6– Relativistic Wave Equation with Potentials
is n˜
(−)
max − n˜(+)max = 1. This is due to the difference in the depth of effective
potential V2(ρ) for both η = ±1. In fact, we see that η = −1 case captures
one additional state that reads (η, n′) = (−1, 0) or equivalently n = 0 (See
Fig.(6.4)). This scenario is consistent with the potential shown in Fig.(6.4) in
which V
(−1)
2 has a real root at ǫ¯ = 0 while V
(+1)
2 is shifted up from the ǫ¯ = 0
line4. We emphasize that n = 0 state is absent in an undeformed case because
it does not belong to bound state solution [57].
To summarize this section, our result is similar in several aspects to the
model in which there is a non-vanishing minimal length. For instance, there
is an appearance of an additional energy level corresponding to the quantum
number n = 0 which is not a bound state solution for an undeformed case.
However, the bound states energy spectra are different and bounded from
above for MCR(II) case. MCR(II) lowers the undeformed positive energy level
and raises the undeformed negative energy level. These are different from the
models with minimal length. Furthermore, there is a maximum number of
bound states nmax which is absent in the GUP case.
4The reason is that for small deformed parameter α, 1/δ2 − 1/4 > 0.
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6.5 Dirac Oscillator
The Dirac oscillator is motivated in relativistic quantum mechanics to obtain
a potential that is linear in both the momentum and spatial coordinates, and
thus exhibits nontrivial equation of motion. It was shown to be ‘square root’
of the linear harmonic oscillator plus a strong spin-orbit coupling term [119].
One applies the non-minimal substitution in the free Dirac Hamiltonian with
~P → ~P − imωβ~r, where m is the mass of the Dirac particle and ω is the




ψ = Hψ =
[
c~α · (~P − imωβ~r)+mc2β]ψ (6.59)
where ψ = (φ, χ)T is the Dirac spinors and (~α, β) are the Dirac matrices. The
Hamiltonian is manifestly Hermitian from the property of the Dirac α matrix.





P − imωβX)+mc2β]ψ. (6.60)
After choosing the representation α = σx =
0 1
1 0





c(P + imωX)χ = (E −mc2)φ (6.61)
c(P − imωX)φ = (E +mc2)χ. (6.62)
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From (6.62), we can express χ = c(P−imωX)
E+mc2








P 2 +m2ω2X2 + imω[X,P ]
)
φ. (6.63)
Using [X,P ] = i~f(P ), where f(P ) = 1− 2αP + qα2P 2 and the represen-
tation (2.24)-(2.25), we can rewrite (6.63) as
[
































Similar to the previous section, by performing a change to ρ variable, i.e.







φ(ρ) = ǫ¯1 φ(ρ) (6.66)
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; −∞ < ρ <∞, (6.68)
where δ1 = 2
√
m~ωα. The potential, similar to Morse potential as in Fig.(3.1),
has one minimum at V3(ρ = ln(1 + δ
2
1/2)) = 0, approaches positive infinity as




)2 as ρ→ −∞. Thus, the bound state spectrum














This is the same as the upper energy bound for non-relativistic MCR-deformed
DHO [68]. It indicates that there exists a maximum energy/momentum in
which there are no bound states.
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Introducing a variable ζ2 =
2δ21
2+δ21







, −∞ < ρ¯ <∞. (6.71)
where we have performed a constant shift ρ→ ρ¯ = ρ+ln(ζ2/δ21). In ρ¯ variable,
we can apply the same formalism as in Sect.(3) to write down the Schro¨dinger-
like equation with ansatz solution,
ψ(ξ) = e−ξ/2f(ξ) (δ2ξ/2)k, 0 < ξ <∞ (6.72)






2k + 1− ξ
)∂f(ξ)
∂ξ
+ n˜f(ξ) = 0.
The definitions of (k, n˜) are similar to (6.35)-(6.36) but have to replace the















Similar to the previous sections, the square-integrability condition of wavefunc-
tion at both ξ = 0 and ξ = −∞ requires k value to be positive definite and
predicts the maximum energy, ǫ¯1 ≤ 1/ζ4. Also, n˜ has to be positive integers,
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e.g. n˜ = n and bounded from above,








From (6.74) we obtain energy quantization condition
ǫ¯1 =




























is the energy expression for the unde-
formed case which coincides exactly with the result from literature [119, 120].






and we have consistently reproduced the non-relativistic DHO [68]. In addi-
tion, the bound state wavefunctions are given by (6.43) with the appropriate
replacement in (δ, ǫ) variables.
The expectation values of the position/momentum operator in the state
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(6.43) can be evaluated as































































We see that at the maximum energy state n = nmax, the uncertainties (∆X)






In this final chapter, we give a summary on the main results of the thesis and
propose the possible future works in the next section.
In chapter 1, we gave an overall remark on the motivation behind the
quantum gravity phenomenology and the deviation from standard Heisenberg
algebra to incorporate the ideas of minimum length. They are relativistic
Snyder’s algebra, Kempf’s algebra and its covariant form, Quesne’s algebra.
On the other hand, the study of doubly special relativity (DSR) on quantum
mechanical phase space introduces different type of deformed algebra which in
general predicts the existence of maximum intrinsic momentum.
In chapter 2, Ali, Das and Vagenas (ADV) proposed to consider the new
algebra which also contends linear order in momentum as the deforming factor
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in order to reconcile both ideas brought forth by minimal length and DSR.
By following the same approach, we obtained a two-parameter class of exactly
realized MCR’s which implied an intrinsic maximum momentum, a subset of
which also imply a minimum position uncertainty (2.6,2.7). We denoted it
as MCR(II). Among the exactly realized MCR’s a one-parameter MCR (2.11)
had only linear and quadratic momenta on the right. A two-parameter family
of approximate MCR’s was then constructed (2.12) from the exact solutions
using a (αp)2 ≪ 1 expansion; they satisfy the Jacobi identity approximately
when |r|(αp)2 ≪ 1 and differ from each other at terms of order (αp)2. The
proposal of ADV [69] is an example from this class. The existence of intrinsic
momentum is not preliminary due to the inclusion of linear term in momentum
as originally claimed by (??).
For dynamics restricted to one dimension, the exact (2.11) and approximate
MCR’s were described by (2.14), with one deformation parameter α and a
dimensionless parameter q. The exactly realized MCR has q = 1 while the
most studied version in the literature is the ADV proposal q = 4. For all
explicit calculation, we used the parity non-invariance MCR’s instead of exact
case due to technical smoothness of the deformation factor. Symmetricity
condition was imposed and as a result the measure in the inner product is
deformed. Classical limit was considered and Liouville’s theorem was shown
in the new deformed classical regime.
In chapter 3, we studied the impact of maximum momentum by determin-
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ing the bound state spectrum of the deformed harmonic oscillator exactly for
q = 0 and q = 1; the spectra terminate at finite energy beyond which is the
continuum, in contrast to the usual undeformed oscillator which has a purely
discrete spectrum with no maximum energy. For both q = 0 and q = 1, we
computed the deformed position and momentum uncertainties and their prod-
uct ∆X∆P in an eigenstate n: The values were all lower than the α = 0 case,
increasing with n up to some maximum before declining to vanish at nmax.
Thus the upper-most bound states display classical characteristics.
Subsequently, we used a semi-classical analysis to study bound state spec-
tra of general concave potentials in one dimension. For αp ≪ 1 and large n,
the energy shifts due to the deformation are negative for q < 4 (3.59). Under
similar conditions the string-motivated MCR (2.1) gives a positive correction.
Explicit expressions for the energy shifts were obtained for power-law poten-
tials (3.51). It is interesting to note that the ADV proposal q = 4 gives a
vanishing leading order correction at large n.
Empirically, the conditions αp ≪ 1 and βp2 ≪ 1 are natural since quan-
tum mechanics has been very well tested, placing strong limitations on the
suggested deformations in (1.41) and (2.14) [55, 59]. At the same time, those
conditions allow one to ignore higher order (cubic) corrections to those MCR’s
and also enable the extraction of leading order effects from the semi-classical
integrals. The large n condition is required for the validity of the semi-classical
analysis, but since ∆En
En
∝ En for large n, this regime is also physically relevant.
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In Sect.(3.2.4) we explained why relativistic corrections do not change the sign
of the leading order energy shifts if one remains in the one particle sector.
Thus one way that string-motivated MCR’s such as (1.41, 1.50) can be dis-
tinguished from the q < 4 sub-class of MCR’s such as (2.11, 2.12) is through
the sign of energy shifts in bound state spectra of dynamics restricted to one di-
mension. The Penning trap is one possible arena for such dynamics [51]. Note
that the q < 4 sub-class still includes q > 1 for which the one-dimensional
MCR’s are low-momentum expansions of exact MCR’s which imply a maxi-
mum momentum (through poles) and also a minimum position uncertainty.
We also studied the D-dimensional S-states of isotropic power-law poten-
tials semi-classically. For the string-motivated MCR (1.50) we extended a
result of [51], showing that ∆E ∝ β > 0. For the MCR’s (2.11, 2.12) the
shift ∆E = O(−α) is of opposite sign for the usually assumed α > 0. Since
βp2 ∼ (αp)2 ≪ 1, then regardless of the sign of α, MCR’s such as (2.11,2.12)
may show experimental signatures earlier than the string suggested modifica-
tions (1.50), if the MCR’s are empirically realized.
In chapter 4, we studied the MCR(II) in the position representation. We
obtained the exact bound state spectrum for the infinite well: While that
spectrum terminated at finite energy, just as for the harmonic oscillator case
studied in the momentum representation in chapter 3, the corresponding po-
sition and momentum uncertainties did not vanish in the infinite well case
though they did for the harmonic oscillator.
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We observed that with the MCR(II), the infinite well with Dirichlet bound-
ary conditions resulted in a non-Hermitian Hamiltonian which required care
in perturbation theory even though the eigenvalues were real. The relation-
ship between the Hermiticity of the Hamiltonian and conservation of modified
current for the deformed quantum mechanics is discussed in appendix E.
We also studied the formation of bound states in asymmetric finite wells
and found that the MCR (2.2) delays them, just as for the Snyder (string)
case. However, interestingly, for the Anti-Snyder case, we found bound state
formation to be enhanced. This fact might be empirically useful. Since exact
solutions are not always feasible, we also discussed consistent low-momentum
expansions of the MCR (2.2). Consistency means that solutions of the cor-
responding deformed Schro¨dinger equation must be restricted by the relevant
low-momentum constraint. For the infinite well we showed that such an anal-
ysis produces results which agree with appropriate limits of the exact or semi-
classical analyzes.
Throughout chapter 4, we restricted our attention to non-relativistic sys-
tems. It would be interesting to see how the deformed algebra we have studied
might be extended to incorporate relativistic symmetries as in, for example,
Refs. [3, 121,122].
In chapter 5, we have successfully constructed the generalized coherent
state (GCS) that incorporate maximum momentum for q = 1 deformed har-
monic oscillator (DHO) exactly and obtained their probability distribution
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and entropy of states. However, the infinite potential box was only studied
perturbatively. We reviewed the generalized Heisenberg algebra scheme. This
allows us to define the characteristic function, the weight function of GCS. As
an example, we consider the Planck length quantum optical system. We have
computed exactly the probability density and entropy distribution as well as
studied their behavior in terms of the MCR’s deformation. The entropy of the
system increases in the presence of maximum momentum in the model.
On the other hand, for simplicity we have calculated the modified uncer-
tainty principle perturbatively for q = 1 DHO. GCS constructed remain the
squeezed type since they saturate the uncertainties (∆X∆P )MUP, but with the
minimal value shifted. The uncertainties may increase or decrease from the
saturation point of the undeformed quantum optics depending on the value
of γ. For γ > 0, it is possible for MUP to vanish at finite (J, γ) and hence
exhibits the classical characteristics. This classical phase is generally different
in nature compared to the DHO in [68].
The Mandel’s Q parameter has shown that the usual quantum description
of laser light above threshold should be modified and behaves as sub(super)-
Poisonnian distribution. We have studied the motion of the center of the wave
packet under MCR. The Ehrenfest’s and Correspondence Principle is repro-
duced. Lastly, we have analyzed the auto-correlation function and obtained
the quantum revival structure. Although the revival structure result is similar
to stringy model up to the first order perturbation in O(δ), we believe the dis-
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tinction should appear when higher order perturbation or exact calculation is
considered. Overall, GCS can be treated as an interesting model to distinguish
the physics between the string theory motivated model, i.e. Snyder model and
the DSR motivated q = 1 MCR model.
In chapter 6, we studied relativistic wave equation under the scheme of one-
dimensional deformed Quantum Mechanics with maximum momentum, but
without existence of a minimal length, i.e. q ≤ 1. Modified dispersion relation
was studied and we have the superluminal character of photon propagation in
MCR(2.2) which suggests the time-dependent of velocity of light phenomena.
Using momentum space representation, we have solved exactly the Klein-
Gordon/Dirac equation with linear confining scalar/vector potentials and the
deformed Dirac oscillator. We have found the exact energy spectrum, eigen-
functions and have shown that the correct non-relativistic, undeformed limit
are reproduced. Similar to non-relativistic DHO [68], the energies of these sys-
tems are bounded from above due to the maximum momentum cut-off. There
is a maximum allowed bound state solution depending on the deformed pa-
rameter α. For Dirac equation with linear potentials, we have obtained an
additional energy level with quantum number n = 0 due to the maximum
momentum. This effect cannot be distinguished from the MCR(I) case with
minimal length [57]. For Dirac oscillator, it’s non-relativistic limit is consis-
tent with the deformed harmonic oscillator. The study in this chapter may





Here, we outline some possible extended work that can be further studied
to illustrate the importance of quantum gravity phenomenology imposed by
MCR.
7.2.1 Neutrino oscillations
From (6.11) in section (6.1), we discussed the energy of a particle in the
Minkowski spacetime with MCR(II) is given by
E2 = E20 + 2c
2α|P |3 (7.1)
where E20 = m
2c4 + c2|P |2 is the usual relativistic energy dispersion relation.
We can apply this modified energy dispersion relation to neutrino physics to
obtain a bound on the deformation parameter α through experimental mea-
surements [123].
One peculiar behavior of neutrino physics discovered at around late 90’s
was that the neutrino does not propagate in a flavor eigenstate but in a mass
eigenstate. Due to this, neutrinos are not massless and oscillating between
the flavors, the so called neutrinos mixing. It is used to explain the solar
neutrino problem [124] where it accounted for the deficit in the number of
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electron neutrinos measured. The basis change from the flavor eigenbasis to
the mass eigenbasis is described by a unitary matrix, the so called Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix. This matrix is parametrized by three






where |να〉 and |νi〉 refer to flavor and mass eigenstates correspondingly. Since
the free Hamiltonian operator is diagonal in mass eigenbasis, we have the mass
eigenstate evolve through time and pick up a overall phase
|νi(t)〉 = e−iEit/~|νi〉 (7.3)
with Ei the energy of the neutrino and t the time of flight. The oscillation
probability for a flavor change from flavor α to flavor β is given by,








where ∆m2i,j ≡ m2i −m2j is the difference of the squared masses and E the total
energy of the system.
For example, let’s consider the two-flavour problem in which the PMNS
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matrix is characterized by single mixing angle,
U =
 cos θ sin θ
− sin θ cos θ
 (7.5)
and the transition probability is reduced to





where we assume that E ≈ c|~Pi| ≈ c|~Pj| and denote ∆m2 = m21 − m22. The
propagation length (baseline) is L = ct. We see that if there is no mixing θ = 0,
the probability above will be zero immediately. Likewise, if the neutrinos are
massless then ∆m2 = 0, neutrino flavor change is also not possible. Exper-
imentally, the squared masses of the neutrinos can be determined. One can
further define the oscillation phase φ/(2π) = (∆m2)c3L/(2~E) = L/L0, such
that the oscillation length L0 = 2~E/((∆m
2)c3). The transition probability
takes the form of









To apply this to the deformed dispersion relations, from (7.1) we have
E =
√









2|P |2 + α
(







where we assume m2c2 << |P |2 and keep to first leading order in α during the
expansion. By using the assumption that E ≈ c|~Pi| ≈ c|~Pj| and both eigen-
state see the same unique deformed parameter (αi = αj), thus the difference
in energy for the mass eigenstates can be obtained as




The modified transition probability reads














By comparing with the original neutrino oscillation in (7.6), the new suppres-
sion factor for the oscillation phase is not dependent on the propagation length
but only on the energy and the deformed parameter. This effect is similar to
the study of neutrinos oscillations with minimal length [123]. One can fur-
ther estimate the deformed parameter (and also the bound) by applying the
transition probability to the well-known neutrino data, say from the MINOS
experiment (Fermilab) or Super-Kamiokande detection. This is a possible fu-
ture extension of the project.
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7.2.2 Quantum Cosmology and Tunneling
Beside using Neutrino oscillation as the novel probe for the minimal length and
maximum intrinsic momentum, we can also apply MCR to study the quantum
cosmological model. As an example, I highlight the way to consider the MCR-
induced quantum tunneling here. The tunneling can be used to study the
creation of Big-Bang through quantum tunneling.
In classical cosmology [125], when we extrapolated back to early universe,
it typically leads to a singularities and hence signals to the breakdown of
predictability of our physical laws. In early 80’s, a cosmological model in
which the universe is created by quantum tunneling from literally nothing to
a de-Sitter space was proposed by Vilenkin [126]. This model has a Big-Bang
singularity avoidance even without any initial or boundary condition, but it is
valid for the closed universe [127].
Consider Friedmann-Lemaˆitre-Robertson-Walker (FLRW) universe with
Wheeler-DeWitt mini-superspace reduction [1,128–130], the scale factor can be
treated as a coordinate of the particle (Universe). The corresponded Einstein-
















where a(t) is the dimensionless scale factor, V (φ) is the potential of the mass-
less scalar field φ(t), N the lapse function of the spacetime slices, k = 0,±1
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and we have set ~ = c = 1. The values of k constant represent curvature of
different universes: k = 0 is a flat universe that expands eternally; k = 1 is a
closed, spherical universe that expands up to a˙ = 0 and then collapse; k = −1
is a hyperbolic universe that expands forever. Suppose we assume slowly vary-
















Using the variation principle, the above Lagrangian gives the Friedmann equa-
tion for an isotropic and homogenous universe with cosmological constant
Λ = 3/a20 modeling inflationary source in the early universe,
a˙2 + (k − a2/a20) = 0. (7.13)
The above classical Friedmann equation (7.13) can be solved for different cur-




= a0 exp(t/a0) (7.14)
which implies an arbitrary small universe at early times t → −∞. For k = 1
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= a0 cosh(t/a0). (7.15)
(7.15) represents extraordinary rapid expansion that is used to explain Guth’s
inflationary epoch [132] in standard cosmology.
In quantum cosmology, one follows the canonical quantization scheme to
quantize the FLRW cosmology with the mini-superspace reduction [133]. The
Hamiltonian constraint will exhibit itself as a functional Schro¨dinger equation
(the so called Wheeler-DeWitt equation), with the solution describing the
three-geometries of the universe [134]. The solution is so called the “Hartle-
Hawking wavefunction of the Universe” [135]. Explicitly, by using canonical
momentum Πa = −a˙a and set the operators a → â = a; Πa → Π̂a = −i∂a we







ψ(a) = 0, (7.16)
which is just a one-dimensional, 0 < a < ∞, time-independent Schro¨dinger
equation for a particle (Universe) moving with the potential V (a) = a2(k −
a2/a20). As discussed in [126,127], spherical geometry k = 1 allows the potential
barrier induced by V (a) as the Big-Bang singularity avoidance since there is
quantum tunneling, permitting a quantum creation of classical universe to
emerge and exist at finite size (a ≥ a0). Fig.(7.1) shows the potential that
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leads to quantum tunneling for k = 1 spherical universe.









Figure 7.1: The quantum potential V (a/a0) appearing in the Wheeler-DeWitt
equation. We set a0 = 1.
However, for k = 0 flat universe, there is no barrier to prevent a back-
ward evolving universe from collapsing to zero size. It is well known that the
standard quantization of k = 0 geometry does not help to avoid the Big-Bang







ψ(a) = 0 (7.17)













[−i(a3 − π)/3], for a→∞ (7.19)
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where C is the normalization constant. One can check the Hankel function
for a small value of a. As the universe goes to zero size a → 0, we have
the finite nonzero probability and hence a Big Bang. In deformed quantum
mechanics induced by MCR(II), we have the deformed momentum operator in
low momentum expansion as (4.9)
P 2 = p2
(



















ψ(a) = 0 (7.21)
which we only keep to the second order in α. We can consider the last two
modified terms in (7.21) together with a4 as the effective momentum dependent
potential. Since we treat the problem perturbatively in α, we can substitute
the undeformed wavefunction into the modified terms and obtain the effective
potential as









One interesting investigation is to see whether the new effective potential
will give a potential barrier and thus the quantum bounces for the small size
universe. If there is a possibility of creating such barriers, one can further dis-
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cuss the quantum creation of k = 0 spherical universe through the Vilenkine
quantum tunneling formalism. We leave this idea for future exploration.
7.2.3 Other Applications
There are many other promising areas to apply either MCR(I) or MCR(II)
models which contend minimum fundamental length and maximum intrinsic
momentum cut-off. Here we list some possible future directions:
• Implication of minimum length and maximum momentum cut-off in cos-
mological models, e.g. modified Friedmann or modified Wheeler-Dewitt
equation to study the physics at the early universe as well as the possible
cosmological bounces [136].
• Investigate the correction to the black hole entropy induced by those
cut-off and relating the dark matter remnants to the GUP, MUP [137].
• Study the effects on different quantum potential, e.g. central potential
or Supersymmetric quantum mechanical potentials.
• Using quantum optical and ultra-cold atomic processes as quantum sim-
ulator, we can study the implication of MCR on low energy quantum
system. This is in alignment with the chapter 5 where we apply the
formulation to a generalized coherent state.
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• Further study on the implication on Dirac oscillator and relativistic quan-
tum mechanics and fields, e.g. Casimir effect, Zitterbewegung, Klein
tunneling, etc.
• Fit the bound on the deformed parameter by neutrino oscillation re-
sult, precise atomic (energy shifts) and molecular experiments or other
practical measurements [138].
• Formulate a new class of MCR that can possibly study minimum mo-
mentum (Infra-Red) and thus maximum size of space and apply it to
cyclic oscillating universe.
As a final remark, we believe that this direction of quantum gravity phe-
nomenology research is meaningful to shape the future search for the funda-




Here we implement the Jacobi identity constraint exactly on the ansatz (2.1,
2.3). It is straightforward to obtain the following from (2.4),
0 = −[[Xi, Xj ], Pk] = [[Xj , Pk], Xi] + [[Pk, Xi], Xj ] (A.1)
= i~
{−α1δjk[Xi, |P |]− α2([Xi, Pj ]Pk|P |−1 + Pj[Xi, Pk]|P |−1 + PjPk[Xi, |P |−1])
−β1δjk([Xi, Pl]Pl + Pl[Xi, Pl])− β2([Xi, Pj ]Pk + Pj [Xi, Pk])} − (i↔ j). (A.2)
Next, we make use of the following identities to simplify Eq.(A.2),
[Xi, |P |2] = [Xi, |P | · |P |] = [Xi, |P |]|P |+ |P |[Xi, |P |]
= 2[Xi, |P |] |P |, (A.3)
and
[Xi, |P |2] = [Xi, PkPk] = 2[Xi, Pk]Pk
= 2i~ Pi
[
1 + (α1 + α2)|P |+ (β1 + β2)|P |2
]
. (A.4)
Equating (A.3) and (A.4) after multiplying by |P |−1 from the right gives,
[Xi, |P |] = i~
[
Pi|P |−1 + (α1 + α2)Pi + (β1 + β2)Pi|P |
]
. (A.5)
Meanwhile, we also have
0 = [Xi, I] = [Xi, |P | · |P |−1] = |P |[Xi, |P |−1] + [Xi, |P |]|P |−1
| multiply P−1 from left
⇒ [Xi, |P |−1] = −|P |−1[Xi, |P |]|P |−1, (A.6)
and by combining (A.5) and (A.6), we have another identity, namely
[Xi, |P |−1] = −i~Pi|P |−3
[




Ch A– Jacobi Identity Constraint
After some algebra one obtains (substitute (A.5) and (A.7) into (A.2))
0 ≡ ~2 {(α1 − α2)|P |−1 + (α21 + 2β1 − β2) + (3α1 + α2)β1|P |
+β1(2β1 + β2)|P |2
}
∆jki, (A.8)
where ∆jki := Piδjk − Pjδik.
For D > 1 dimensions the coefficient of each power of |P | inside the curly
brackets must vanish, so the parameters (α, β) satisfy four simultaneous equa-
tions,
α1 − α2 = 0 , (A.9)
α21 + 2β1 − β2 = 0 , (A.10)
β1(3α1 + α2) = 0 , (A.11)
β1(2β1 + β2) = 0 . (A.12)
The only nontrivial solution is given by
α1 = α2 := −α (A.13)




from which we infer that the deformed commutator (2.1) must be
[Xi, Pj ] = i~(1− α|P |)
[
δij − αPiPj|P |
]
. (A.15)
This is precisely the expression (2.11) obtained in Sect.(2) from the class (2.2).
In Ref. [69] the Jacobi identity constraint on (2.1) was first solved to leading
order in α, obtaining only Eqs.(A.9,A.10). The choice β1 ≈ α2 was then made






δij|P |+ PiPj|P |
)
+ α2(δij|P |2 + 3PiPj)
]
(A.16)
In other words, in Ref. [69] the additional constraints (A.11, A.12) were not
implemented.
As discussed in Sect.(2), the ADV commutator belongs to the class of ap-
proximate commutators (2.12) which differ from each other at order (αp)2 and
whose regime of validity is |r|(αp)2 ≪ 1. For the one-dimensional projections




Eigen-energies of q = 0 DHO













This equation is difficult to solve for general q. However since q is a free
parameter, we focus here on the q-independent part of the spectrum although
q > 1 is required physically as discussed earlier.





⇒ ρ = ln(1− 2α|p|) (B.2)
which maps the region −∞ < p < 1
2α




Ψ(ρ)− [a exp(2ρ) + b exp(ρ) + k2]Ψ(ρ) = 0 (B.3)




















It is important to note that the transformation (B.2) only makes sense when
the deformation parameter α is assume finite and nonzero. Also, as contrast
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to [73] the transformation is not symmetric and there is a pole at p = 1/
√
2α.
Next we consider a “peeling off” procedure [83] to examine the approximate
behavior of the equation (B.3) at the asymptotes ρ→ (−∞,∞). As ρ→ −∞,
the last term in (B.3) dominates, giving
∂2
∂ρ2
Ψ(ρ)− k2Ψ(ρ) ≈ 0. (B.5)
The solution to (B.5) is of the form Φ(ρ) ≈ Aekρ + Be−kρ where (A,B)
are some constants. We have to set B = 0 otherwise Ψ(ρ) would blow up as
ρ→ −∞. Thus, at the large negative momentum limit we have Ψ(ρ) ≈ Aekρ.
Next, consider the approximate behavior of Ψ(ρ) near to ρ→∞, whereby the
first term of the square bracket in (B.3) dominates, giving
∂2
∂ρ2
Ψ(ρ)− a exp(2ρ)Ψ(ρ) ≈ 0. (B.6)





are the modified Bessel function of first (second) kind and (C,D) are some
constants. From the asymptotic behavior of the modified Bessel function [86,
139], we have to set C = 0 since I0(x) ≈ 1√2πxex blows up at x→∞. Also, the




e−x. Thus, for large limit









Next we define the new variable
z = exp(ρ); 0 < z <∞. (B.7)
and express the asymptotic wavefunction as
Ψ(z) ≈
{






















+ (2k + 1)
∂w
∂z
− (az + b)w = 0. (B.9)
To further simplify the expression, we rescale the variable as following,
ξ = 2
√















e−ξ/2; for ξ →∞.
(B.11)
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where f(ξ) is a remaining function that need to be found. However, f(ξ) is
required not to increase faster than e−ξ/2 falls, as ξ → (0,∞); otherwise the
wavefunction Ψ(ξ) will diverge and not belong to L2(0,∞). By substituting




































f(ξ) = 0. (B.13)
Equation (B.13) looks like generalized Laguerre equation and in general
consists of two singularity points1 namely ξ = (0,∞). Consider power series






where the coefficients aj are to be chosen such that (B.13) is identically satisfied
for each order of ξ. So, (B.13) can be rewrite as
∞∑
j=0
[(j + 1)(j + 1 + 2k)aj+1 − (j + n˜)aj] ξj = 0 (B.15)






. To satisfy (B.15), all coefficients of ξj
must be vanished and leads to recursive relation:
aj+1 =
(j + n˜)
(j + 1)(j + 1 + 2k)
aj. (B.16)
Next, we examine the behavior of this recursive relation for large ξ limit to
ensure it will not produce strong divergent that dominate decaying Gaussian






⇒ aj = 1
j!
a0 (B.18)
1In fact, ξ = 0 is a regular singularity and ξ = ∞ is a essential singularity point for
(B.13). See [140] for details. One can analyze those singularities by Frobenius’s power series
method.
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Hence, from (B.12) and (B.19) the wavefunction when ξ →∞ increase as







which blows up at large ξ. Hence, to have a physically normalizable solution,
we have to truncate the exact series at some maximum order, jmax, such that
ajmax+1 = 0. From (B.16), this is possible by setting jmax + n˜ = 0. Suppose
we define “principle quantum number” (integer) as n = jmax, thus we have the
constraint
n = −n˜ = −
[√






From condition (B.21), finally obtain the explicit q-independent part of the
energy spectrum of the deformed harmonic oscillator,
ǫn = 1 + 2n−m~ωα2(1 + 2n)2












The expression (B.22) suggests that for α 6= 0 the energy of states is de-
creased relative to the undeformed case at least for moderate values of n.
The q = 0 expression cannot be absolutely true as it implies a spectrum un-
bounded from below as n→∞. Since the original Hamiltonian H ∼ P 2+X2
is bounded below, this implies that the q dependence of the energies for the
physical regime q > 1 is important. Nevertheless, the expression (B.22) is use-
ful as it allows for a check against semi-classical arguments of the Sect.(3.2)
which also indicate a trend similar to (B.22).
If indeed the first two terms indicated in (B.22) are dominant then there





1− (1 + 2n)2m~ωα2
)
≡ 0⇒ Emax = 1
8mα2
. (B.23)
There is a maximum allowable number of state nmax and hence the energy
spectrum (B.22) will not unbounded from below since n is truncated as com-
pare to standard undeformed quantum theory.






2k + 1− ξ
)∂f(ξ)
∂ξ
+ nf(ξ) = 0; n ∋ Z+. (B.24)
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In fact, it is a standard Laguerre differential equation [141] with well known
solutions in terms of associated Laguerre polynomials f(ξ) = L2kn (ξ). We stress
that the index k will not be an integer even though n is, as seen from
kn = −
[
(n+ 1/2)− 1/δ2] (B.25)
with δ2 = 4m~ωα2 can be arbitrary. Strictly speaking, we have none integer
order 2k and the generalized associated Laguerre polynomials in which it can
be expressed as confluent hypergeometric function. The negative sign in (B.25)
carries no physical significance since the energy eigenvalue depends on k2n.
The wavefunction can be fully expressed as







where Cn is the normalization factor that needs to be fixed from the conser-
vation of probability. Since we have performed the change of variable, the








On the other hand, the Laguerre polynomial with measure ξk exp(−ξ/2) sat-
isfies the orthogonal relations [141] where,∫ ∞
0
dξ exp(−ξ)ξ2kL2kn (ξ)L2km (ξ) =
Γ(2k + n+ 1)
n!
δmn. (B.28)















The integral in (3.38) can be evaluated exactly by passing to the complex
plane. Denote En(0) = (n+ 1/2)~ω and z
2 = 2mEscn . Then
1 + α2qmEn(0) ≡ H(q, α, z) . (C.1)
There are three cases to consider. For q < 1 and αz < (1−√1− q)/q, we




1− q (A−B) , (C.2)
A ≡ [(1 +
√
1− q)2 − (qαz)2]1/2 ,
B ≡ [(1−
√
1− q)2 − (qαz)2]1/2 .
For q > 1 and αz < 1/q, H = H2 with
H2 ≡ C1C2 (C.3)
C1 ≡ 1√
q − 1[(2− q − q




N2 ≡ 2− q − q2α2z2
D2 = q[(1 + 2(q − 2)(αz)2 + q2(αz)4]1/2 .
For q > 1 and αz > 1/q, H = H3 with




N3 ≡ q − q2α2z2 ,
where C1 and D2 are the same as for the H2 case.
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In the limit q → 1,
H1 = H2 = H3 =
1√
1− α2z2 . (C.5)
Notice the original constraint αz < 1, that is Escn ≤ Emax = 1/(2mα2), is










which shows that Escn → Emax = 1/(2mα2) as n→∞, the same limit attained
by the exact expression in Sect.(3.1).
For the case q → 0,
H1 → 1 + q
4
[1− (1− 4α2z2)1/2] (C.7)
Notice the original 2αz < 1 constraint encoded inside H1; the energy is
bounded above: Escn ≤ 1/(8mα2). Solving (C.1) in this case gives precisely the
exact energy spectrum (3.16).





As a toy illustration, consider first the algebraic equation
1
1− ǫν = 1 (D.1)
where ν is an unknown and ǫ a small parameter. The unique exact solution is
ǫν = 0. However if the left-side of (D.1) is first expanded to quadratic order
and truncated, the resulting equation 1 + ǫν + (ǫν)2 = 1 has an extra solution
ǫν = −1. The second solution is spurious and can be discarded as it does not
satisfy the consistency condition (analogous to (4.7) |ǫν/1| < 1.
Notice that knowledge of the exact solution was not required in order to
eliminate the spurious solution: The simple consistency criterion was suffi-
cient. Another toy model, closer to the concerns of validity of low momentum
expansion, is given by the non-local differential equation
1
1− ǫ∂uv(u) = v(u) (D.2)
whose unique exact solution is clearly v(u) = constant . On the other hand
expanding the left-side to quadratic order and truncating gives a second-order
differential equation v+ǫ∂uv+(ǫ∂u)
2v = v which has the extra solution v(u) ∝




Hermiticity and Conservation of
Probability Current
Here we discuss the relationship between the Hermiticity of the Hamiltonian
and the deformed probability current for the third-order Schroedinger equation









where H := H0 + H1 = p
2
0 + V (x) − 2αp30 and (ψi, ψj) are wavefunctions for
any states in the physical Hilbert space.
Firstly, consider the undeformed part of the Hamiltonian (with V (x) = 0















































In order for the undeformed Hamiltonian to satisfy (E.1), we need the
boundary terms to vanish and this can be satisfied by the usual Dirichlet
conditions on the wavefunctions, see Sect.(4.2). Notice that the diagonal part














Ch E– Hermiticity and Conservation of Probability Current
which is required to vanish at each boundary if the particle is confined to the
well.



















































Hence for the total Hamiltonian we need to impose the vanishing of the








Taking the diagonal term of BT we obtain the probability current density






















Notice that unlike the case of usual quantum mechanics, it is now not sufficient
to just impose Dirichlet boundary conditions on the wavefunction to confine
the particle in the well; one must either also impose vanishing of the slope of




Detailed calculation for q = 1
GCS
We present the computational scheme in detail here. Note that the expansions
are performed up to O(δ) consistently. Recall the perturbed number state
(5.45) is expressed as





(n+ 1)3|n(0) + 3〉+
√





































































Ch F– Detailed calculation for q = 1 GCS
We evaluate terms in (F.2) separately. By using ǫn−1 − ǫn = −1 + 3nδ2, the






































































where the regularised confluent hypergeometric function is given by 0F˜1(a, x) =
0F1(a,x)
Γ(a)
. It is also related to Bessel function of first kind Jν(x) by 0F˜1(a, x) =
(−x)(1−a)/2Ja−1(a
√−x). For small δ, we see that we have the negative index
for 0F˜1(a, x).
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Ch F– Detailed calculation for q = 1 GCS




































Thus, we have the expectation value of annihilation operator A up to O(δ) as





Je2iγ − 3(Je−2iγ + 2J + 1)] . (F.8)
Note that we also have the following useful identities in order to evaluate the























































Hence, all the expectation of combination of creation/annihilation operators
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are given by






Je−2iγ − 3(Je2iγ + 2J + 1)] .







eiγ − 6e−iγ)− 3Je−3iγ].







e−iγ − 6eiγ)− 3Je3iγ].





J sin 3γ − 3(J + 1) sin γ
]
.




(J + 1) sin 3γ − 3(J + 2) sin γ
]
.
〈J, γ|A3|J, γ〉 = J3/2e−3iγ − iδ√
8
[
3J2 + 2(3J + 1)− 27(2J + 3)e−2iγ + 9J2e−4iγ] .
〈J, γ|(A†)3|J, γ〉 = J3/2e3iγ + iδ√
8
[
3J2 + 2(3J + 1)− 27(2J + 3)e2iγ + 9J2e4iγ] .
〈J, γ|A†A2|J, γ〉 = J3/2e−iγ + iδJ√
8
[
Je−4iγ − 12(J + 1)e2iγ − 3e−2iγ + 3(3J + 4)] .
〈J, γ|(A†)2A|J, γ〉 = J3/2eiγ − iδJ√
8
[
Je4iγ − 12(J + 1)e−2iγ − 3e2iγ + 3(3J + 4)] .(F.12)
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